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Abstract: In this paper we study a boundary state of multiple DO-branes with spacetime 
dependent scalar fields in the a! expansion. We calculate a formulas for non-Abelian 
boundary state defined by using a Wilson loop factor and path ordering. The boundary 
state contains divergences which vanish when the scalar fields on DO-branes satisfy the 
equation of motion. Hence the boundary state is well-defined if the configuration of DO- 
branes in on-shell. We can show the constructed boundary state is BRST invariant. From 
the constructed boundary state we extract couplings of the scalar fields to closed string 
fields. Our results reproduce the correct formulas for supergravity current distribution 
^ ■ obtained from the disk amplitudes, Matrix theory potential, non-Abelian DBI action. Our 

calculations are performed up to order a' 2 both in the bosonic string and the IIA superstring 
theory. Furthermore we confirm that our boundary state is identical to the correct one 
in the case of a single boosted DO-brane and a noncommutative D2-brane. These results 
support the correctness of the formulas for non-Abelian boundary states. 
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1. Introduction 

In this paper we consider a boundary state of multiple DO-branes of an arbitrary spacetime 
dependent configuration in the a' expansion. We calculate a formula for non-Abelian 
boundary states defined by using a Wilson loop factor and path ordering Jl|, HJ. The 
boundary state is BRST invariant and includes no singularity when the scalar fields on DO- 
branes satisfy the equation of motion as in the case of Abelian boundary state [|], ||]. Hence 
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the boundary state is well-defined if the configuration of DO-branes is on-shell. From the 
constructed boundary state we can extract the correct formulas for supergravity current 
distribution derived from the disk amplitude ||, Matrix theory potentail |7|, ||, and non- 
Abelian DBI action [10|. Furthermore we confirm that our boundary state coincides with 
the correct one in the cases of a single boosted DO-brane [IllJ and a noncommutative D2- 



branes [12]. These results support the correctness of the formula for non-Abelian boundary 
states with the Wilson loop factor and the path ordering prescription. 

In the case that there exist multiple D-branes, we cannot define definite positions of D- 
branes in general. This can be seen from that gauge and scalar fields on multiple D-branes 
are non-Abelian and hence not necessarily commutative. Such a noncommutivity causes an 
interesting phenomenon, formulation of higher dimensional D-branes. However, we face the 
ordering problem dealing with multiple D-branes. It is known that symmetrized trace for a 
non-Abelian DBI action is correct only up to order a' 4 [13, 14, 15|. Less is known about a 
non-Abelian boundary state. It is discussed in |||] that a contribution of non-Abelian open 
string fields is incorporated into a boundary state by including the Wilson loop factor and 
taking trace with path ordering. 

A boundary state is a closed string description of D-branes, and includes information 
about closed strings emitted from D-branes jl], ||, [l(| (see also 0, 18] and references 
therein) . From a boundary state we can extract couplings of opens strings on D-branes to 
closed strings, a potential between D-branes, and long distance behavior of closed string 
fields jl{J]. We can take account of an effect of open strings on closed string emission 
from a D-brane. In other words, we can incorporate the open string background fields 
into a boundary states of a D-brane. In the case that there exist multiple D-branes, we 
cannot determine definite positions of D-branes because non-Abelian fields on them are 
noncommutative in general. Such fuzziness of D-brane worldvolume makes unclear what a 
boundary condition is imposed on open strings, or the boundary state in terms of closed 
strings. Furthermore shape of worldsheets representing closed string emission becomes 
complicated due to the existence of off-diagonal components in opens string fields, or open 
strings stretched between D-branes. Therefore it is not easy to investigate a non-Abelian 
boundary state. It is discussed in || that a closed string state, which is given by including 
a Wilson loop factor into the boundary state of a single D-brane and taking trace with 
path ordering, reproduces the correct disk amplitudes with an arbitrary closed string vertex 
and the D-brane boundary. This formula for non-Abelian boundary states represents that 
effects of non-Abelian fields on closed string emission from D-branes are accounted for 
by including the Wilson loop factor and using path ordering prescription as explained in 
appendix [D]. 

In this paper we investigate a boundary state of multiple DO-branes in the a' expan- 
sion by using the formula presented in ||] to confirm its correctness. We focus on multiple 
DO-branes with an arbitrary time-dependent configuration of scalar fields. Our boundary 
state is BRST invariant for an arbitrary configuration of DO-branes formally. However, it 
contains divergences which vanish when the configuration of DO-branes is on-shell. Hence 
the boundary state is well-defined when the scalar field on DO-branes satisfied the equation 
of motion. In other words we can derive the correct equation of motion from the boundary 



- 2 - 



state by requiring its finiteness. We derive couplings to closed strings from the constructed 



boundary state. Our results in the DKPS limit [£(], 21] reproduce the correct non-Abelian 
DBI action and the correct formulas for supergravity charge density [f7|, |8], ^, |6|, |lOfl . The 
constructed boundary state is identical to the already known one in the cases of a single 
boosted DO-brane and a noncommutative D2-brane. These results show the correctness of 
path ordering in non-Abelian boundary states. We perform calculations up to order a' 2 
both in the bosonic string and the type IIA superstring theory. In the case of IIA super- 
string theory we need to introduce a worldsheet fermion. Further calculations enable us to 
derive higher a' corrections to non-Abelian DBI action. We focus on multiple DO-branes in 
this paper, since characteristic behavior caused by noncommutivity of open string fields is 
incorporated. Extension to higher dimensional D-branes can be done straightforwardly by 
introducing a non-Abelian gauge field. The study in this paper is non-Abelian extension of 
||. ||]. We note that backreaction from emitted closed strings to D-branes, or g s corrections 
are ignored in this paper. In other words, we regard D-branes as infinitely massive objects. 

We investigate a non-Abelian boundary state in the operator formalism, or equivalently 
in terms of creation and annihilation operators of closed strings in this paper. This enable 
to us to calculate the general boundary state in a' expansion. In the case that multiple 
D-branes formulate a single higher dimensional flat D-brane with a constant magnetic flux, 
we can use the path integral formalism [22]. However, in presence of nontrivial excitation of 



open strings, it is difficult to calculate the boundary state in such a formalism. Furthermore 
it is difficult to take use of such an approach in the general D-brane system. A method to 
construct DO-brane matrices from higher dimensional D-brane in a constant background 
B-field is studies in p3f| . 

The outline of this paper is as follows. In section ^, we briefly review boundary states 
and couplings to closed strings. In section ^ we calculate the boundary state of multiple 
DO-branes and show our results of couplings to closed strings. The results of closed string 
couplings extracted the boundary state is shown in (3.27), ( |3.28| ) for the bosonic string 



theory, and in ( p. 33 ) for the type IIA superstring theory. In section |], we consider two 



nontrivial cases: a single boosted DO-brane, and a noncommutative D2-brane. In section || 
we summarize our study on non-Abelian boundary states in this paper and discuss future 
directions. In appendix [A], the results of calculations of creation operators operating on a 
DO-brane boundary state which are used to calculate the boundary state with scalar fields 
are shown. In appendix |b|, detailed calculations in the proof of BRST invariance of the 
boundary state are shown. In appendix ^J, we show the couplings of multiple DO-branes to 
massless closed strings derived from disk amplitudes , Matrix theory potential [Q, || || , 
and non-Abelian DBI action [n]] . In appendix [[^ the reasons why we think a non-Abelian 
boundary state is given by using a Wilson-loop factor and path ordering. 

2. Review of boundary state and closed string coupling 

In this section we review basics of a boundary state of a single D-brane and couplings to 



closed strings in subsection 2.1, and explain how to extract couplings to closed strings from 



a boundary state in 2.2 
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2.1 Boundary state of a single Dp-brane 

Firstly a bosonic boundary state is reviewed ||, ||, 17, 18 1. We expand a string embedding 



function in terms of creation and annihilation operators as 



^) = log N 2 + ^ y £ - ^- + -J 



We also expand ghost fields in mode operators as 



n 



2f" - 1 ^— ' Z" 

n n 

The mode operators satisfy (anti)commutation relations 

{b m ,C n } {f'miCn} ^w+n,Q - 

It is convenient to introduce 6^ , c^ 

^0=^0 + ^0 & o=^( 6 o-^o) 
Cq = -^{CQ + C ) Cq = c - c 

which satisfy 

{bt4} = l- 

SL(2, C)-vacuum |0) is defined by 

p\0) = 

a£|0> = d£|0> = n>l 

6n|0) = b n \0) =0 n > -1 

Cn|0) = c n |0) =0 n > 2. 

We also denote |0) = \p = 0) in some cases. Eigenstates of x,p are related by the Fourier 
transformation each other, explicitly 



APj**\p) , \p) = Jd D xe-*n 

where D is the critical dimension. \x), \p) can be represented by 

\ x ) = \x = 0) = 5(x-x)\p = 0) 
\p) = e - ip& \p = 0) =(2ir) D 5(p-p)\x = 0). 



■r 
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We use the normalization such that 



(x'\x) =5 D (x'-x) 
(p'\p) = (27r) D 5 D (p'-p) 

and 

(p'|c_ic_iCo c£cici\p) = (2tt) d 5 d (p -p). 
A boundary state of a single Dp-brane is given by 

\Dp) = \Dp) a \B) gh 
\D P )a = - C )exp -a£ n S lu ,a'L n \ |0) 

Z { n>0 n ) 

\B) g h = exp < - ^2(b- n c- n + b- n c- n ) > cjcici|0) 

I n>0 J 

where = g(rjab, and T p is tension of a Dp-brane. a = 0, 1, • • • , p represents 

Neumann directions and i = p + 1, ■■■ ,D — 1 indicates Dirichlet directions. As is easily 
seen from the equation above, a boundary state of a D-brane takes the form of a coherent 
state of closed strings. The boundary state satisfies boundary conditions below. 

p a \D P ) = o, x^Dp) = e 

(a a n + a a _ n )\Dp) = 0, (ai-a i n )\Dp) = n/0 

(bn-b- n )\Dp)=0 
(c n + C- n )\Dp) = 0. 

Secondly, we explain boundary states in superstring theories. We focus on the NS 
sector, because we are interested in couplings to NS-NS fields in this paper. A worldsheet 
fermion can be expanded as 



zr+1/2 ■ 

In addition we write down superghost fields in mode expansion as 

E ^§^> te= E 

7r w_x 7r 



7(r,a)= J] — ^, 7(z)= £ 
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Mode operators satisfy (anti)commutation relations 



[Pr,ls] = [Pr,ls\ = S r +s,0- 

The boundary state of a Dp-brane takes the form of 

\Dp) = \Dp) a \B) gh \B) m 

where \Dp) a , |-B) g h is same as that of the bosonic boundary state. \Dp)^, |-B) sg h can be 
expressed as 

l^)NS = 2 (I^P. +M S > +)sgh " I^P, -)sgh) 



\Dp,T])ip = -iexp < 
l^,^)s g h = exp < 



^2 i^-r S ^-r 
\r=l/2 



>|0) 



{r=l/2 



e -m e -m 



10} 



where ry = ±1 and <p(z) is related to the superghosts by bosonization 

1 (z)=e' t> ^r}{z), j(z) =e^fj(z). 
The boundary conditions can be written in terms of mode operators as 

(W-irjS£tt)\Dp,n) 1 i, = 

(f3 r + i7](3- r )\B,7 ] ) sgh = 

(7r + im- r )\B,r]) ssh = 0. 

SL(2, C)-vacuum is defined by 

^|0)=$f|0)=0 r>l/2 
Pr\0) =/3 r \0) = r>-l/2 
7r |0) = 7 r |0) = r > 3/2. 

2.2 Coupling to closed string 

A boundary state \B) couples to the closed string field 

/d D h ( 1 

+ (-<k*0 + v( fc )) + c -^-i) + • • • } c i g il fc ) 
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through a source term 

(*|cb|S). 

In this way a boundary state acts as a source for the closed strings [^]. T(k),h lll/ (k) = 
h Ufl (k), b^y = —b Ufl (k) and <p(k) are the Fourier transform of closed string tachyon, graviton, 
antisymmetric tensor, and dilaton fields. Note that we use the convention for the Fourier 
transformation such that 



d D k 
(2tt) d 



/(*) = Ij^n f( k Y kX ' /(*) = I f(.x)e-*- 
Then we can write 

f(x)\k = 0) = Jd D xf(x)\x) 

"" >k f(k)\k) = f(k)\x = 0). 



(2vr)^ 

Suppose that a boundary state takes the form of 
.x f d°- p - l k 



B) = Jd? +1 x f ^l_X {F{x a , k l ) + {A, u {x\ k l ) + C^{x a , fc')) a\a v _ x 

+ B(x a , F)(6_ic_i + 6_ic_i) + • • • }c+cici|x°, fc< 



(2.1) 



where = A l ,^(k), B^ u (k) = —B u ^(k). In the presence of a Dp-brane, we need to add 

a source term 

^source = ($\Cq\B) = 

/f jD-p-lu r i 
d p+1 x J {27t) d- p -i \ T ^\ + - VGA -*:*) (^(^, + £(* a , fc<)<T) 

+ ^(a* -k^C^ia?, fc*) - 2</>(x a , -k i )B(x a , **) + •••}. 

(2.2) 

We can extract from this an energy momentum tensor as follows. 

T^(x a , fc') = (^(x a , fe*) + £(x a , jfe*)^) . 



3. Boundary state of multiple DO-branes 

A boundary state of a single D-brane with an arbitrary time-dependent configuration of 
gauge and scalar fields on it has been investigated j|, ||]. In contrast, boundary states of 
multiple D-branes are not well understood 1 . In this section we construct a boundary state 
of multiple DO-branes of an arbitrary time-dependent configuration by using path ordering 
in the a' expansion. We derive linear couplings to closed string fields up to 0{a' 2 ). Our 

: An equation of motion of Abelian gauge field is derived in p5| using an another definition of boundary 
state. 
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Figure 1: Emission of closed string from D-branc 



results reproduce the linear part in closed string fields of the non-Abelian DBI action 
which are derived from scattering amplitudes of string theories. In addition the extracted 
linear coupling is same as the one derived from disk amplitude ||, long distance Matrix 
theory potential J?], ||, and non-Abelian DBI action pfl|. The constructed boundary 
state is BRST invariant for arbitrary configurations formally, however, includes divergences 
which remain after the zeta function regularization. These singularities vanish when the 
scalar fields on DO-branes satisfy the equation of motion. Hence the boundary states 
is well-defined and BRST invariant when the configuration of DO-branes is on-shell. We 
consider the bosonic string theory first, and then the type IIA superstring theory by. In this 
chapter we focus on multiple DO-branes, since the essential behavior of noncommutivity is 
incorporated. By introducing a non-Abelian gauge filed, extension to higher dimensional 
D-branes is done straightforwardly. 

3.1 Construction of boundary state 

A boundary state of Dp-brane with gauge and scalar fields A a (X a ), X J (X a ) is of the form 



|L»p[A a ,X i ]) =trPexp 



i J 2 J da (d a X a {a)A a {X a {o)) + X' (X a (a))Ui(a) 



\Dp). (3.1) 



according to and Q and ( p.49| ) in appendix [D]. Here (a, i) is Neumann and Dirichlet direc- 
tions respectively. P means path ordering of open string fields A a (X a (<r)), X*(X a (<r)) with 
respect to a. n*(cr) is the conjugate momentum to the embedding function J ! (r,c) at the 
boundary r = along the Dirichlet directions, and X a (a) is the embedding function at the 
boundary r = along the Neumann directions. In general, open string fields on D-branes 
are functions of string embedding at the boundary r = along Neumann directions. We do 
not need to take care of ordering of closed string operators because X a (a), d a X a (a), IT(<7) 
are commutative each other. Even if open string fields are independent of X a (a), we keep 
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to assigning a to A a ,X' implicitly to determine the ordering. In this section we denote 
operators on closed string state by hatted symbols like -X^,EP, and matrix- valued scalar 
fields on DO-branes by boldface symbols like A a ,X\ More strictly, a matrix configuration 
of DO-brane X 1 is related to the a transverse scalar field through a relation 

X i = 27rc/*\ 



Take care that matrices X* and operators X m u(T, a) are different quantities. In remaining 
all we will not use X^ (r, a) without explicit attention to avoid confusing. 

It is worthwhile to see a boundary state as superposition of closed string states. A 
boundary state of a D-brane without open string excitation satisfied 

U a (a)\Dp)=0, X i (a)\Dp)=Q. 

Thus | -Dp) can be rewritten as 

\Dp) = |n a (<r) = 0,X' l {a) = 0) = JvX a (a)\X a (a),X' l {a) = 0). 

This represents that a boundary state of a D-brane is superposition of closed strings of 
various shapes on the D-brane. Here \X a (a)) and | II 4 (<r)) is the eigenstate of the embedding 
function X a (a) and the conjugate momentum IP (cr) respectively: 

= x»|x»>, n>)|n>)> = n>)|n>)). 

In presence of nontrivial excitation of opens strings on a D-brane, the boundary state is 
given by (|3.2| ). Therefore we can say that the Wilson loop factor 

i J 2 J da (d a X a (a)A a (X a (a)) + X 1 (X a (a))Ui(a) 



W[X^{(j)} =trPexp 



gives a weight function for closed string states to incorporate the effects of A a , X 2 into the 
boundary state. In other words, an open string background modifies closed string emission 
from D-branes. 

In this section we consider the boundary state 



\B) = trP exp 



27T 

o 



\D0) (* = 1,. ..,£>-!) 



(3.2) 



X^(t,(t) and IP(r, cr) can be written by using creation and annihilation operators as 



V 9 ^— ' \ n n 



n 



n^O 
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where g^ v = grj^ and g^ v = \ff ,v . Especially at the boundary r = we have 



X»\ 



a) = x' 



U A a ) = ttVv, + - — 7= V(an + a_ n )e 



(3.3) 



| DO) can be written as 



|D0) = — ^ 1 (x)exp 



£ 

,n>0 



n 



-n 



+ cr a' 

n 1 ^—n^—nJ 



|0>. 



where 5 is defined by = gr/^. For diagonal matrices X* = diag(£|,--- ,(?n)> the 
boundary state (|3.2|) gives a summation of boundary states of DO-branes located at x % = 
(a = 1, • • • , iV), where the matrix size N represents the number of DO-branes. In presence 
of off-diagonal components in X*, however, these matrices becomes noncommutative in 
general and cannot be interpreted as positions of DO-branes. It is important to clarify a 
correct ordering prescription of X*. 



Our strategy 

In this section we investigate boundary states in the operator formalism. This enable to 
us to expand the general boundary state in powers of a'. Our strategy to calculate the 
boundary state is as follows. First we represent X°(a), IP(<r) in terms of creation and 
annihilation operators as shown in ( |3.3[ ). Then we expand the operator e */ rf<jXn i n a 1 ex- 
pansion taking the DKPS limit (|3.7| ). Move all annihilation operators to right using the 
commutation relation of creation and annihilation operators. By utilizing the boundary 
conditions (3.8) on \D0), we replace all annihilation operators by creation operators. We 
perform the integral which causes in path ordering prescription if possible. After all the 
resulting boundary state consists of creation operators and X*(t), X*, • • • . The results are 
presented in subsection 3.2. Readers who are interested only in the results can skip to the 
subsection 3.2. 



We begin to calculate (3.2) in the operator formalism. The scalar field X* depends on 
the worldsheet field X°(a) at the boundary. In order to calculate the boundary state in 
terms of oscillators, we divide X°(a) into the zero mode part and the oscillator part: 



X\a) 
X°(a) 



t + X°(a) 
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where t = x°. The scalar field X i (X°(cr)) can be expanded in the oscillator part X°(a) as 

x<(xV))=£^fi(xV,)' 



fc=0 



X*(t) + X*(t)iJ yE^n" «-n) emCT + 



(3.4) 



By substituting Q and (PD , U = i daX i (X°(a))Il i (a) can be written in terms of 
creation and annihilation operators as 



T / / da ( k + + a 3 _ n )e 



1-Kina 







( X* (t) + #(t) ^ £ 1« - a°_ mi )e 2 ™ 



+ ^! Xi (*)(Vy) E ^^«-«- mi )(«™ 2 -«- m2 )e- 

\ / mi,m2^0 



+ 



Here we have changed variables as a —* 27r<r. This can be rewritten as 



17 



+ ^=X l (t)^K + a i _ n )e 



2irinu 



'2a 



\ / mi,m2 9=0 



~0 \ 27rimcr 



(3.5) 



+ 



+ 



fry _ o° V»° - ri V 27r ^ mi<J+m2<J ) 
l u mi u -mi/v u m2 -m2/ 



In preparation to expand the boundary state in a', we consider Pe^o da(A a +B(a)) ^ jj ere 
P means path ordering with respect to a. Suppose that [A a ,B(a)] ^ 0, and A a does 
not depend on a as function. Nevertheless the subscript a in A a is needed in order to 
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determined the ordering. Then Pe^o <MAt+.b(o-)) can ^ e expanded in powers of B(a) as 
p e />(A+BW) =e A + f e {X-a i )A B {a l )e^ A 

Jo 

+ [ da x I da 2 e {1 - a ^ A B{ai)e^-' T ^ A B{a2)e a2A + • • • . 
Jo Jo 



(3.6) 



In our case we can identify A = ipiX l (t),B = (the other terms). 

Using ( |3.5D and (3^), the boundary state ( |3.2p can be expanded as 



\B) 



{ tr [e* x ° 



1 9 



'2a 

a 
2 



tr 



X n e 



+ 



&0 



ni^O 
2 



ipXe 



(<+^ ni )^ mffl 

«+o°_ ni )e 2 ™ 



V / dtri/ do"2 tr e Ki-^2)£X X ii e i<7 12 £x x i 

« + «\J(«n 2 + d!_ 2 „ 2 )e 27r ^^ + ^ 



+ -}\D0) 

where we define a pq = cr p — cr q , and take use cyclicity of trace. 



We take the DKPS limit (20 



ft ~ 0(1/00, X i ~C>(aO 



(3.7) 



In this limit we have 



ipX ~ 0(1) 



1 

2! 



i\j —ipK ~ 0(a 



ipX ~ 0{a') 



/2a 



ig . a 



3! 
1 

4! 



/3/2s 



ipX< 4 > ~ 0(a' 2 ) 



1 ^ff 
2! y 7 ^ 7 

1 ^ff ( 
3!^ I 



2a' V 2 

2 

a' 1 



:X* ~ 0(a ,1/2 ) 



X* ~ O(a0 



v^X* ~ 0(a ,3/2 ) 



a'X^ 3 ) ~ 0(a' 2 ) 



In this way we can expand the boundary state in a'. Table [T] represents all terms which 
appear at each order in a', where we ignore a factor e 4j3X and ordering. If plural i's appear 
in a single term, they are actually different indexes (ii,i2>'"")- We denote them all by 
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the same symbol i for simplicity. For example X J X* in the table represents that a term 
trP'fX'^X* 2 ] appears in the boundary state. P'[---] is an appropriately ordered product 
which is defined in ( |3.11 ) on page 16. 



Before calculating the boundary state in detail, we define and calculate some in prepa- 
ration. A boundary state of DO-brane |-D0) satisfies boundary conditions 

x^DO) = , (o4 - oL n )\D0) = 

p°\D0)=0 , (a° -\-a°_ n )\D0) =0 n ^ 0. (3.8) 

By utilizing these conditions, we can convert annihilation operators which operates directly 
on | -DO) into creation operators: 

a % — > a 1 o/ 1 — ► a 1 

n —n ' n — n 

o. n ► d_ n , o. n ► oc_ n n > 0. 

For a given closed string state which is constructed by operating an,dn(n G Z) on |-D0), 
move all annihilation operators to the right side by using commutation relation [a^, a^J = 
g^ u 5 n+m fl, [an,ctm] = g^ u 5 n+m fl, convert them into creation operators, and then we get a 
state of the form |-D0) only with creation operators on it. In such a manner the boundary 
state can be reduced to the form easy to interpret. Following this procedure, we need to 
consider 

9=1 

/fE^oiK-«-n)e 2 ™ g Neumann 
^£„^oK + «-n)e 2 ™ CT Dirichlet 



In the remaining of this section, we always think that Ap 11 ^(oi,-- - ,a p ) operates on 
\Dp), and omit \Dp) in calculations for simplicity. We need to pay attention to A p+q ^ 



0(a' ) 


1 


0(a' l/2 ) 


ipX , X* 


0{a' 1 ) 


{ipX) 2 , ipXX i , (X*) 2 , ipX , X* 


O(o ,3/2 ) 


(ipX) 3 , (ipXfX 1 , ipXiX 1 ) 2 , (X*) 3 , ipXipX , ipXX i , XHpX , 
X*X* , ipX^ , X* 


0{a' 2 ) 


(ip±y , (ip±f(x*y , (ip±)\x^ , ipx(xo 3 , (x*) 4 , 

ipX{ipX) 2 , ipXipXX? , ipX^) 2 , X^ipX) 2 , XHpXX 1 , X*(X*) , 
ipX^ipX , ipX^X* , XMpX , XX* , (ipX) 2 , ipXX 1 , (X) 2 , 

ipxw , x< 3 ) 



Table 1: All terms which appear in the boundary state up to order a' 
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ApA q in general. Because creation and annihilation operators along different directions are 
commutative, A can be divided into a product of Neumann and Dirichlet parts as 

A p+q (o-i, • • • ,a p ,a 1 ,- ■ ■ ,a q ) = A p (01, • • • , a p )A q (a 1 ,---,a q ). 

a and i mean Neumann and Dirichlet directions respectively. In our case a = 0, i = 
1, • • • , d — 1. Ap 1 " fMp (ai, • • • , dp) has a property 

Ap 11 (o-i, ••• ,cr p ) = Ap T{1) ^ r(p) ((7 r (i), ■ • • ,cr r (p)) r: permutation. (3.9) 

It is convenient for simplicity of equations to abbreviate so that 




(3.10) 

X — 

In the final results, we should recover this abbreviation. For example ArPiai, (72) and 
A^(a 1 ,a 2 ) are 

Af{au*2) = £ " " «°. n2 )e 2 -(— + — ^ 

ni,n2^0 

A 2 ll2 ((7 1; (7 2 ) = £ « + ^JK + d\ 2 )e 2 -^+" 2CT2 ). 

ni,n 2 ^0 

The number of creation operators a^ n , ot_ n (n > 0) in each term of Ap 1 "^ v after eliminating 
all annihilation operators otn, cin{n > 0) is at most p. By construction it contains p creation 
and annihilation operators at first. Each time when we move a annihilation operator to 
the right side over a creation operator, the number of creation and annihilation operators 
does not change or decreases by 2. Conversion of an annihilation operator to a creation 
operator does not change the total number of creation and operation operators in each 
term. After all Ap 11 ^ can be divided into a sum of the form 

Jip — S± PjP ~T -H-pjp-l "T ■ ' ' T rt-p -y or o 

where Ap^q ^ p represents terms which includes q creation operators and no annihilation 
operator arises from Ap 1 ^ p . For example, operating A^^ai, 02), A 2 li2 ((7i, a 2 ) on |-D0) and 
utilizing the commutation relation and the boundary conditions, we have 



™i,«2>0 



— ' . filfi2 ^ 

+ dP a° e ^i{n 1 (7 1 ~n 2 (T2) _|_ a a e 2ni{-n 1 a 1 -n 2 <T2)'^ 



x 4 

+ > — cosz7rn(7i2, 
^ ng 



n>0 
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0(a' ) 



1 



0(cl 



l/2x 



©(a' 1 ) 



(ipX) 2 (a°a° + l) , ipXX^a*) , (X i ) 2 (a i a i + 1) , ipX(a°a° + 1) 
X^aV) 



0(a' 



3/2 s 



(ip±) 3 (a°a°a +a ) , (ipX) 2 X*(a°aV+a*) , ipX(X i ) 2 (a°a i a i +a°) , 
(X i ) 3 (a i a i a* + a*) , ipXipX(a° a a + a ) , ipXX i (a°a°a < + a*) , 
X i »pX(a a°a < + a*) , XX^aW) , ipX*® (a°a a° + a ) , 
X^cPa ^ + a*) 



0(a 



/2> 



(^X) 4 (a a°a°a + a°a° + 1) , (i^X) 3 (X i ) 1 (a a a°a i + a°a*) , 
(^X) 2 (X i ) 2 (Q a°a i a i + a°a + a i a i + l) , ipX(X i ) 3 (a°Q i a i a i + a°a i ) , 
(X^^aWaW + aW + 1) , ipX(ipX) 2 (Q°a Q°a + a°a° + 1) , 
ipXipXlL^aPePaPat + aPct) , ipX(X i ) 2 (a aVa i + a°a + aW + 1) , 
X i (ipX) 2 (Q°a°a°Q i + aV) , 

X i »pXX i (a a°a i a < + a°a° + aW + 1) , 

X J (X i ) 2 (a°a i a i a i + aV) , ipX.^ ipX(a° a a a + a°a° + 1) , 
ipX( 3 )X i (Q°a a°a 1 + 



a a 



XHpX(a a a°a % + aV) , 



X^X^a^aW + a°a° + aW + 1) , (ipX.) 2 (a a a a + a°a° + 1) 
ij3XX i (a°a a a i + aV) , (X) 2 (a°a°aW + a°a° + aW + 1) , 
ipX( 4 )(a a°a°a + a°a° + 1) , X i( - 3 \a° a a a { + aV). 



Table 2: All terms which appear in the boundary state up to order a 



/2 



and 



ni,ri2>0 



4 li2 (ai, <7 2 ) = Yl 4 (a-n 1 a-n 2 e 2 " i(niCTl+n2,T2) + a!_ 1 ni a!_ 2 „ 2 e 2m (- ni,Tl+n2CT2 ) 



4- /t-* 1 rv* 2 p 27ri(ni(Ti-ra20-2) i „tl _,i2 27ri(— nicr a -n 2 CT2) 
t u -ni u - n2 C ' Lt -ni Lt ~n2 C 



4n 



+ V— 5 ili2 cos 27rnai 2 . 
^— ' q 

n>0 y 

Results of Ap 1 Mp which is used in this section are shown in appendix |A|. 

In this way, we can list up all terms in the boundary state up to order a' 2 as shown 
in table |2| Here X*( n ) = -S-X*. Every index of X* and its derivatives should be contracted 
with that of a 1 . We abbreviate creation operators (a l _ n ,a l _ n ) as a 1 , and {a a _ n ,a a _ n ) as a . 
In a similar way every time derivative should make a pair with cr_ n , oP_ n . Again we neglect 
a factor e^ x and ordering. 

In what follows, we explain how to derive strict form of a given term in the table [l], or 
equivalently, the table |2[ Each term in the table is a product of 

{ipX,X < ,ipX,X i ,X i ,---}. 
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We assign indexes {ai,i%, a±ai, a\i\, i\i2, • • • } to them. Note that a time derivatives has an 
index a = 0. Then we can denote any given term in the table as a product of 

Y »i-» m( Y p) G £^ x.\ipX, X 1 , X*, • • • } (ji = 0, 1, • • • , d - 1) 

where m(l^,) is the number of indexes of Y p . Suppose that p ^ q => Y p ^ Y q . What we 
need to consider is 



N 



AI 



g=l p=l 



Here n(Y p ) is multiplicity of Y p , M is the number of different kinds of Y p , and N 



Z)p=i n 0^p) 18 the total number of {«]5X, X*, ipK, X*, X*, • • • }. O is represented as 

= Zf-Z N 

= y 1 ---y 1 y 2 ---y 2 y m ---y m . 



n(y 2 ) n(F M ) 



We define P' by 



trP'[Zi---ZAr] = ^2{ datr 



W / r(j) t(?) 



9=1 



t(1) t(1) t(JV) t(JV) 

(oi, • • • , oi, • • • , ojv, • • • , ojvj 



m(Z T(1) ) 



. (3.11) 



Here £ is a set of all possible permutation of {Y p }. Thus t runs n (y 1 )i.^(y M )! different 
permutations. Any given term O in [l] represents P'[C]. In table ^, the creation operator 
part of each term are explicitly shown. 

After the variable change a q — > <r T ( q ) ( |3-11 ) can be rewritten as 



da tr 

t£S [^ 1>fJ r(JV)>--->o-T(i)>0 



N / r(q) Hq) > 



n 

9=1 



Ar (Ol,--- ,CTl,--- ,&N,--- ,(?N) 



n(Zi) 



n(Ziv) 



Using this equation we define P" by 
trP"[Z lj01 ■ ■ ■ Z Ni<rir e i fi da * x -A L (* 1 , • • • ,a N )] 



z2{ datI 



V 



u: (9) -mI (9) 



9=1 



,4 



^l--^n(Z 1 )--^l "'^(Zjy) 



( cri , • • • , cr i , • • • , Q-jy, • • • , a N ) 

n(Zx) n(Z N ) 



(3.12) 
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Here a q is assigned to Z q in order to determine the ordering, although they are not depend 
on cr's. For example we examine X l X\ This term in the table means there exist following 
terms at a in the boundary state: 

(what X*X* means) 
= trP'fX^X* 2 ] 

= Cda x tr [e^-^P^X^e^^X^A^ 2 (a u a 1: a 2 ) 

Jo Jo 

+ f da l f a da 2 tv[e i ^- ai2 ^X i2 e iai2 ^X h ]Ai 20il (a 1 ,a 2 ,a 2 ) 
Jo Jo 

= trP" [Xt\ X% e* dapKj^Oh {(Ji ai a2)] 

= [ d^ [ a da 2 tr^ 1 -* 12 )p^X h e^^X^Af^ 2 {p x , a^a 2 ) 
Jo Jo 

/•l f<J2 

+ da 2 da 1 ti[e i ^- a21 ^X i2 e ia21 P^X h ]A l f ll (a 2 ,a 1 ,a 1 ). 
Jo Jo 



We note that because the boundary state satisfies the level matching condition, we 
can eliminate those terms which do not satisfy this condition without explicit calculations. 
Such disappearance happens due to an integration like dae 2nma = 0. In the methods 
shown above in this section, we can explicitly write down the boundary state at any given 
order in a'. 

In what follows, we calculate the boundary state at each order in a' in detail. 
order a' 

At zeroth order the boundary state gives simply 

\B) a ,o =tre* x |ZX)). (3.13) 

order o/ 1//2 

All terms at this order vanish. 



—7= / da] tr 

Vm^Jo 



'2a' 

ni^O 



x i le ipX 



(<+<5i\Je 2 ™=0 



n/? E tr f*p x ^ x l -« - «° ni )e 2 ™ = 0. 

niytO 

These can be seen easily by that Jq dae 2mna = 0(n / 0). Hence we have 

\B) a n,2 = 0. 

order a' 1 

The boundary state at this order includes information about the energy-momentum tensor. 
There is singularities which remain after the zeta function regularization. These divergences 
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vanish if an equation of motion is satisfied as shown in subsection 3A. At order a' 1 there 
exist terms listed below: 



(3.14b) 



• f da [ a da 2 tr^-^^^^e^^^X)]^ ^!,^) (3.14a) 
Jo Jo 

• [ da rda 2 tv[e l{1 -^ 2) ^(ipX)e iai2 P x X i ]Af(a 1 ,a 2 ) 
Jo Jo 

+ I da f a da 2 tT[e i ^ 12 ^lCe icri2 P x (ip±)}Af(a 1 ,a 2 ) 
Jo Jo 

• f da r\a 2 tv[e i{1 - aw) ^ h e ia ^y, i2 ]Af 2 {a u a 2 ) (3.14c) 
Jo Jo 

• Ida tr[(ipX)e ij5X ]^°(cj,a) (3.14d) 
Jo 

• f da trtXV^l^V,^) (3.14e) 
Jo 

A' 11 ^ 2 (ai,a 2 ) is (see appendix [A]) 

Af(a u a 2 ) = Y — (a° a\ e 2 ^ n ^ +n ^ + a°_ ni d° ^(-m-n+na^) 

ni,n 2 >0 1 z 

_i_ ^,0 2iri(n 1 (7 1 -n2(T2) , 27ri(-ni<Ti-n 2 o-2) 
i ni"— ri2 ^ — ni — «2 

V- 4 

+ / — cos27rn<Ti2, 

n>0 3 



A^(ai,a 2 ) = — (aO ni aL n2 e 2m ("' lCTl+n2CT2 )+aO ni al. n2 e 2m (" niCTl+n2 ' 72 ) 

ni,rt2>0 1 

_i_ ^,0 i 2ni(n 1 a 1 -n 2 (T2) , i 27rj(-nio-i-n2<T2) 

~T Ll_ ni U_ rl2 C. ^ — TL\ — 7^2 



) 



ni,n 2 >0 71-2 

-I- n-* n-° p 27rj(nicri-n20- 2 ) , i 2-Ki{-nKT 1 -n 2 cT2) 
' m - ri2 ~ — ni"— n,2 



4 li2 (ai, a 2 ) = ^ 4 (d!! ni d!_ 2 n2 e 2 ^( ni<Tl+n2,J2 ) + a\ 1 d i _ 2 n2 e 2m (- ni ' Tl+n2CT2 ) 

ni,ri2>0 

I xil „,«2 2-Ki{n\G\—ri202) i „il „,«2 27ri(-ni<7i -n2<T2) 



+ J2~S ili2 cos 27rntTi2. 



n>0 
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First we consider ( |3.14a|) , ( p. 14b ), and ( |3.14c ). Changing variables as (i) o\ = a' 2 + 1,02 
°ii ( cr 12 = 1 ~~ cr i2)- Under this transformation 

/ da x f a da 2 ti[e i ^- ai2) P x (ipX)e iai2 ^(ip±)}A° 2 (a 1 ,a 2 ) 
Jo Jo 



r 1 r° 

/ dax / da 2 ti[e i ^- ai2 ^(ip±)e i ^ 2 P^(ipX)]Al (ai,a 2 ) 

JO J-l+CT! 



da x f U da 2 tr[e i(1 - CT12)j5X (^X)e i<T12?5X X i ]^ i (ai, C j 2 ) 
Jo 

r 1 r° 

^ da da 2 tT[e iil -° 12) **X i e i ° 12 **(ipX)]Af(a 1 ,(j2) 

JO J -l + CTl 



f dax rda 2 tr[e i(1 ~ <Tl2)j3X X 4 e i<Tl2j3X (^X)]4°(ai, C J2) 
Jo Jo 

r 1 r° 

dax da 2 ir[e^ 1 -' 7l ^(ipX)e iai2 ^X i )A 2 H (ax,a 2 ), (3.15a) 

Jo J-l+cr 1 



[ dax rda 2 tv[e i{1 ~ ai2) P^X. il e iai2 P x X i2 ]Ai li2 (ax,a 2 ) 
Jo Jo 

r 1 r° 

dax da 2 tr[e i ^- ai2 ^X i2 e iai2 ^X. il ]A l 2 ll2 (ax,a 2 ) (3.15b) 

Jo J-l+ai 

by using cyclicity of trace and the property (|3.9|) . We combine two domains of integration 



10 11 

- / dax I + \ da 2 f{ax,a 2 ). = - / da l2 / daxf(ax,a 2 ) 

1 JO U0 J-l+ax) 1 JO JO 

We note that change of variables (ii) a[ = 1 + a 2 ,a' 2 = ax leads the same results. In this 
case, we have 



2 J d<J2 \j + J j da lf( a li (T 2) = 1} J d<Jl2 J dcr 2/(cri,o- 2 ) 



The integration domains are shown in figure ||. 
Then it is possible to integrate over ax to get 



Cdax A° 2 °(ax,a 2 ) 
Jo 



o\2 fixed 



n>0 



n>0 



: -i (a°_ n a°_ n e- 27rinai2 + a°_ n a _ n e 2winai2 ) + ^ -1 cos 2toct 12 , 



J o 



<Ti2 fixed 



n>0 



71 



(a°_ n a i _ n e~ 27Tina '~ -'- <- 2:T "" T !-' 



"1" ^— n^— 
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■£-(< 



(7i2 fixed 
— 27rin<7i2 



n>0 



d(7i 4 li2 (<7i,(7 2 ) 



(7i2 fixed 



^,*2 „— 2mnai2 . ~ii ,«2 27riri(7i2 A 



+ ct_ n ct!_ n e 



4n 



n>0 y 



Here we have used 



[ d<Ji e 2 ™(ni<Jl+m*2)\ — [do e 27r *(- n 2cri2+(".i+n2)o-) _q 

Jo 1(712 fixcd Jo 



2iri(—nicri+n2<T2) I 



f d< 
Jo 

( da x e 2^("i^i-"2a 2 ) 
JO 

/ d(Tl e ~ 27ni ( n l <T l+ n 2 "2) 

7o 



l(Ti2 fixed 
I(7i2 fixed 
lcri2 fixed 



JO 



d a g-27ri(n 2 c7i2-(ni-n2)<7) _ e -27rin 2 <7i2 £ 



ni,n 2 



(fa e 27r *( n 2°"i2 + ("-i-™2)(7) _ e 2iriri2Ci2 J 



(f<7 g 27 ™( n 2°"12-(«-l+«-2)(7) _ Q 



(ni,n 2 > 0). 



0"2 




Figure 2: Change of variables a\, oi 
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After all (gl4a| ), (|3l4b|) , (gli^) become 



'a' \ 1 



L r 

da tr e i(1 - CT)?3X (ipX)e lff P x (zp: 



X) 



,n>0 



n>0 y J 



=^A / — / tr 



'2d 



(3.16a) 

e i(i-a)pX ( ^x) e ^ x X i | — (a^Q^e- 2 ™" + a'V^e 2 ™' 7 ) , 

(3.16b) 



n>0 



'.9 



ln>0 



4n 



n>0 



(3.16c) 



where we restore the abbreviation ( 3.1C| ). 
Similarly (3.14d), ( 3.14e| ) become 



i\ — rrtr 



2! 



ig . /a' 
, i\ — tr 
/2a 7 V 2 



ln>0 n>0 . 



xv #x 



.n>0 



(3.16d) 
(3.16e) 



The numerical factor 1/2! in (3.16d) arises because we restore the abbreviation (3.10). We 
note that the last term in (3.16a) at a = and the last term in (3.16d) diverse. These 
singularities vanish when the equation of motions for X* is satisfied as shown in subsection 



3.4. 



a' 3 / 2 order 

In this subsection we focus on (a) , (a) 2 parts, and ignore (a) p (p > 4) parts of the 
boundary state. The (a) 1 part does not satisfy the level matching condition, and thus 
should vanish. Under this restriction, there is no term which contributes to the boundary 
state at a' 3 ^ 2 order. We consider (X*) 3 as an example. (X*) 3 in the table represents 

jfdffi J^da 2 J^da 3 trP e^i-^M^x^e^^X^e^^X* 3 ] Yj 



n,m>0 



+ ai 1 n e~ 2 ™ CT1 ) 



<|V 2i3 cos 27rma 2 3(a\e 2winai 

- <f 113 cos27rmcri3( 
+ 5 1112 cos2^mai 2 (a_ 3 n e 2 ™ <T3 + a^e" 2 ™" 3 



+ 5 ili3 cos27rm<7i 3 (a_V 2 ™ CT2 + a^ n e- 2wina2 ) 



)} 
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- 0"! 



Figure 3: Change of integral variables a\, 02, 03 



where we ignore (a) 3 terms. Change variables in the second line change as (ii) o\ = 
2 + 1.02 = 03 + 1, 03 = a[, and in the third line as (iii) o\ = a' 3 + I.02 = oi, 03 = then 
we have 



/•l H /"l— 012 

/ C?0i / C?01 2 / 

JO ■/ ■/ 



cfo-23 trP 



n,m>0 



8m 
5 



{<5 i2i3 cos27rm0 23 (a i _ 1 n e 2 ™ ,T1 +a!_ 1 n e- 2 ™ CT1 )} = 0. 

The integration domains are shown in figure ||], where (i) represents the original domain of 
integration, (ii) and (iii) displays domains of integration after the variable changes (ii) and 
(iii) respectively. 

We can see the other terms vanish by similar calculations. 

order a' 2 

At order a' 2 we can see from table ^ that the (aa)° part includes 11 terms, and the a_ n d_ n 
part contains 25 terms. In a way similar to the case at order a' 1 ^ 2 , those terms which break 
the level matching condition become zero after integration. We show all possible terms of 
the boundary state at order a' 2 below. 

(a) 2 term 

. trP"[(ipX) CT1 (ip±) a2 (ipX) a3 (tpXj^e'/o ^ x ^° 2 oo (0i, 02, 03, 04)] 
. trP"[(spX) ai (*pX^ 

. trP"[(spX) CT1 (tpX^X^Xfee* So ^ x ^° o (0 1 , a 2 )A^ (03, 04)] 



- 22 - 



. trP'^pX) CTl (^X^ 

. trP"[(ipX) CTl X£X£X^ 

. trP"[X£x£Xj3 X^e* So d ^A^f^{a u a 2 , a 3 , a A )\ 

• trP"[(ipX) ai (ip±) a . 2 (ipX) a3 e i So ^ x A oooo ((Ji 

,01, CT2, ^3)] 

. trP"[(ij5X)<n (*pX) CT2 X£ e* £ ^x^ooo , en , (a 3 )] 
. trP"[(ipX) ffl X^Xj» e^o ^A^ 2 (a 1 ,a 1 )Aif(a 2 , a 3 )} 

. trP" [±i\ (ipX) a2 (ip±) a3 e* So ^x^oo (fJi ) a2 ? ((7l )] 
. trP" [X« (ij5X)<*X« e* /o ^pX^oo (fJi ; ^ ? ff3)] 

. trP''[X£(ipX)^X%e^ 

. trP'qX^X^X^e^o^XA^^O^r 3 ^!,^,^)] 
. trP"[(ipX( 3 ) (*pX) CT2 e* /o ^pX^oooo ((Ji , ffl , ffl , ff2 )] 
. trP"[(ipX( 3 )) (T1 X^ 2 e^o 1 ^Agy^!, ai, (Ti)A* 1 (<r 2 )] 

• trP"[X£ (ipX^e* So d ^ x A 3 ?(a 1 ,a 1 ,a 2 )A[i (ci)] 
. trP'qX^X^e^o^x^M^^^^^^^)] 

. trP" [X £ X« e * /0 « A°° , a, )A 2 f (a, ,a 2 )} 
. trP"[(ipX) n (ipXUe'So d ^A^{a u a u a 2 , a 2 )] 
. tvP"[(ipX) ai ±i^So d ^A^{a u a u a 2 )A^ (a 2 )) 
. trP''[X£X%e^^ 

. trP''[X«X« e i /o 1 ^x^ o(aija2) ^ii 2(<Tij<T2)] 
. trP" [(ipXW U So ^x^oooo , CTl , CTl , CTl )] 
. trP" [X^ 3) e* /o A oop (<Tl > ffl 5 ai ) A n }] 
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(«)° 


term 




trP" [ 


• 


trP"[ 


• 


trP"[ 


• 


trP"[ 


• 


trP"[ 


• 


trP" [ 


• 


trP"[ 


• 


trP"[ 


• 


trP"[ 


• 


trP"[ 


• 


trP"f 



, q(iM)«T 1 (*pX) ffa (ipX) 03 (tpX) <T4 e 4 /o da ^A^ (a 1 ,a 2 ,a 3 ,a i )] 
' [{ipX.U (tpX^X^X^e* & ^ x A%(a, , a 2 )A%> (a 3 , a,)} 

''[X^CtpX^X^e^o^^o^i,^)^^!,^)] 
' [(ipX( 3 ) (i P X) ff2 £ A oooo > ai) ai! ff2)] 
/ [X^X« e j to W A oo o(fJi ( (cJl , a2)] 

'[{ip±U (ipX-Ue'fi ^A™ ^,*!, a 2 , cr 2 )\ 
> [X CT1 X* e j /o W A oo o(fJi ; ff2)i g (fJl ( a2)] 
' [(*pX) g e* /o ^x^oooo ; ai ^ ai ^ ai)] 

In what follows we calculate the boundary state estimated at p = 0, namely (p = 0\B). 
This gives coupling to closed string fields which are constant in Dirichlet directions, and 
total charges integrated over the Dirichlet directions as seen from ( 3.29| ). and ( 3.30| ) re- 
spectively. At p = we have the following terms. 



(a) 2 term at p = 



rl rai ra2 roz 

trfX^X^X^X 4 ] / da x / da 2 / da 3 / da 4 A* 1 * 2 * 31 ^^, cx 2 , cx 3 , CX4) 

JO JO JO JO 



1 /-cri 



tr[X Jl X* 2 X* 3 ] / do\ I da 2 daaAl^A^iaua^vs) 
JO jo jo 

+ tr[X i3 X il X i2 ] f da x rda 2 P da 3 Al^Af™^, a 3 , a x ) 
JO JO jo 

+ tr[X 2 X 3 X 11 ] / da x / do 2 \ da 3 AlAa 3 )A^{a 3 ,a u a 2 ) , 

JO JO JO 

trfX^X^] Jdat J° 1 da 2 (A 2 ^ 2 (a 1 ,a 1 )Aif(a 1 ,a 2 ) + Af^a^A™ (a u a 2 ) 
+ trpC^X* 1 ] J^da % J^da 2 (a™ 2 (a 2 , a 2 )A™ (a 2 , a t ) + A%(a 2 , a 2 )Aij{a 2 ,ax 
trp^X 2 ] J dat J° 1 da 2 (A^^^A^^a^ + Af fi {a u a 2 )Afi K a 2 



tr[X^ 3 )] \ da x Af^(a 1 ,a 1 ,a 1 )A{^a 1 ). 

JO 
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(a) term at p = 

trp^X^X* 4 ] Cda x f 'da 2 H da 3 Hda 4 A^ u (a 1 ,a 2 ,a 3 ,a 4 ) , 
Jo Jo Jo JO 

tr[X ll X* 2 ] Cda x rda 2 Af {u 1 ,a 1 )^{u 1 ,a 2 ) 
JO Jo 

+ tr[X* 2 X il ] f da 1 [ ai da 2 A° 2 ° (a 2 , a 2 )A 1 ^ (a 2 , a,) , 
Jo Jo 

tr[X ll X* 2 ] Cda x rda 2 A%(a u a 2 )A 2 ^ (a u a 2 ). 
Jo Jo 

Because we need not to take care of e lj3X in ordering at p = 0, all cr's disappear from matrix 
parts. Therefore it is sufficient to integrate oscillation operator parts over cr's. For (a) 
terms we need integrations: 

1 r<ri r<T2 rcr-j, 

do\ \ da 2 I da 3 / da^ cos 2imai 2 cos 2i:ma 3 i = 

Jo Jo Jo 
i r<n 



/•L t-cs\ p<T2 i-az i 

/ do\ \ da 2 \ da 3 \ da^ cos 2imais cos 2irma 2 4 = ^— ^8 n , 

Jo Jo Jo Jo 16n 2 7H ' 

I'l raj r<T2 r<Jz ^ 

I do\ \ da 2 I daz / da 4 cos 27m<T 14 cos 2-nma 23 = ^r<5- 

Jo Jo Jo Jo 16n 2 ir 2 



f 

Jo 



da cos 2irna cos 2irma = -5 n , m - 



We omit to write down integrations which are needed in calculations of (a) 2 terms. After 
calculations the results at order a' 2 at p = are 

tr\X*, X k ][K,X k ] £ * («5*_ n ai n + ai B fiL B ) (3.17a) 

x '- xJx ' yi^^y ■> ^ ( 3 - i7b ) 



a I ig 

' tr 



'2a 



n>0 3 



, \ 2 2 

(-^L=)j tr[X''X'^i(2^^^«^ + aV^ + <^) (3.17c) 

I (*y?) 3 ^[X^)]C(l)^^(«° n « i :n + «^: n ) (3.17d) 

\ / * za n>o y 



(^) 4tr[x ' x)]2<(0) w (3 ' 17e) 
V?) (^) 2tr[XX ' 1 ? c(0) (3 ' 17f) 
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where we restore the abbreviation ( 3.1C| ). ((p) is the Riemann zeta function 



oo 1 



nP 

n=l 



C(p) is finite except at p = 1. For example £(0) = —5, £(— 1) = — yj- 



Remark 

We calculate the boundary state up to order a' 2 in this paper. It is possible to derive 
higher order terms by further computations straightforwardly. Higher order terms in the 
boundary state include information about a' corrections to an action, and an energy- 
momentum tensor of multiple DO-branes. 



3.2 Result of calculation of boundary state 



In subsection 3.1 we have calculated the boundary state (3.2) of multiple DO-branes with 



an arbitrary configuration of the scalar field defined by using the Wilson loop factor. In 



this subsection we summarize the results obtained in subsection |3JJ. Readers who are 
interested only in our results of coupling to closed string can skip to section |] where our 
main results of the closed string couplings are presented. 

The resulting boundary state has the form of 

\B) = {f(t,p) + (a^(t,p) + c^(t,p)) at x a v _ x + ■■■ }|D0) (3.18) 

where a^ u = a^ u , c^ u = —c^. Explicit formulas for f(t, k), a^^t, k) and c^if, k) are shown 
below. At order a' we have 

f(t, k) a ,o = tr[l] 
<V(t,fc) a ,o=0 (3.19) 
c^(t,k) a ,o = 0. 

This can be seen from ( |3.13| ), At order a' we find 
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f(t,k) c 



9 Jo 



a . , 

— da tr 



cos 2-Kna 



n>0 



i 

cfo" tr 



aoo{t,k) a i 

o' 

Cjj (t, fc)<y 



(27r) 2 a' 

-2a' / da tr[e i(1 - ,j)?5X (^X)e i,J?5X (^X)]cos27ra 

JO 

- 2c/tr [(ipX)e^ x 
5 / da tr r e i(1 ~ ,7)?5X (i]5X)e^ x X i " 



cos 2ima 



n>0 



n 



Jo 
+ 2g tr 

_ V 
a' 



COS 2"7T<7 



(3.20) 



X*e 



do" tr 



/ du tr 



e i ( 1 - <r)pX x i gicrpX x jf 



COS 2"7T<7 

sin 27r<7 



2ig 2 



CM 



1 

du tr 



g i ( 1 - cr)pX x i g icrpX x j 



sin 2ixo . 



This can be seen from ( |3.16a ), ( 3.16b| ), ( 3.16cj) , ( 3.16d| ) and ( |3.16e ). Here we have elimi- 
nated the singular terms which are considered in subsection [T4|. In particular we can see 
that the second term in fit, k) a > arises from fl3.24|) . 
At p = we find 



f(t, k = 0) = tr[l] - -tr 
a 00 (t,k = 0) = 2 5 tr[XX] 



X'X 


-\ 


( 9 \ 






K2hcm') 



7 tr[X*,Xi] 



aoi(t, fc = 0) = 2gtr 



X' 



(3.21) 



aij (t,k = 0) = 2g tr[X\X*][X^,X*] + 2str[X l X'] 

c i(t,k = 0) =^ 7 tr[[X,X^] 

TTCM 
■ 2 

c ij (t,k = 0) = ^-tr[X\X J ] 

up to order a' 2 . This can be seen from ( [map , (|3T7b| ), ( |Q7cD , d3~T7d|) , (|3T^ ) and (|3l7l ). 
c y (i, /c) arises only in the case that the number of DO-branes is infinite. In such a case we 
cannot use cyclicity of trace, and thus (|3.15a| ) and ( 3.15b| ) do not hold. After calculations 
without utilizing the cyclicity of trace, we find cf 3 ~ tr[X*X J ]. Except in the case the size 
of X* is infinite, this term vanishes. 

3.3 BRST invariance 

In this subsection, we confirm that the boundary state (|3.2|) is BRST invariant. The 
boundary state is BRST invariant for an arbitrary configuration of the non-Abelian scalar 
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field X*. However, in this proof the existence of singularities in the boundary state is not 



accounted for. As shown in subsection 3.4, the boundary state is well-defined when X* 
is on-shell. Prom another viewpoint, the divergences can be absorbed by a field redefini- 



tion (3.25). This redefinition makes the boundary state finite, while it breaks the BRST 
invariance when X* is off-shell. 
We denote that 



c(cr) = c + ^(c n - c_ n )e i 



The BRST charge can be written as 



Qi 



2tt 



da cU„dX^(a) 



2tt 



,,„.,.,,,,, da K b (a)[W*Tl lx (cj) + d a X»d a X +Q B 



1 ghost 



where Q^ ost consists only of ghost fields. Because the ghost part of \B) is same as that of 
\D0), we can see TTb(a)\B) = 0, and Q^ ost \B) = 0. Considering that the boundary state 
of D-brane without excitation is BRST invariant, what we have to prove is 



2tt 



dacIl^dX^a)^^*' 11 *^ ^ 



0. 



This leads to the BRST invariance of the boundary state 

Qb\B) = 0. 

We note that we need not to take trace to prove the BRST invariance because the BRST 
operator does not include open string fields. To avoid confusing, we denote transverse 
scalars on DO-branes by 3>* in this subsection. Note that X^(a) is the string embedding 
function. First we prove the following theorem by induction on power of 



Theorem 3.1 The equation ( 3.22; ) holds for n £ N, where f(a n ) is an arbitrary function 
which may not commute with cllidX l {a). 



2tt 



2tt 



da cU^dX^(a), / da! ill* (A -0 ) (en } 



da n ifl*(X°)K)/K) 



2tt 



da! iIL&(X°)(a!) 



o 



da n cf\3>(X°){a n )d a J(a n ) 



2~ 



+ / da! in*(X u )((7i) 
Jo 



C n -1 



da n iIL*(X°)(a r , 



2tt 



da cH„dX»(a),f(a n ) 



(3.22) 
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Here we abbreviate ilUW&iX (a)) as fll*(<r), and c(a)fli (a) &(X°(<t)) by eft* (a). In 
preparation to prove the theorem we see that 



2tt 



"n-1 



^ cn M a^(<7), / da n zn i * l ( ( r n )/( ( T r , 



cft*(<r n _i)/((7, 



n-1, 



cfo-„ cII*((T n )5 (7n /(a n ) 
W n c(27r)fti (27r)<5(<7 n - 2tt)*(X «))/(^ 



(3.23) 



+ 



da n ift*(cr n ) 



2- 



Detailed calculations are shown in appendix [B|. Then we shall prove theorem |3.1| . 
Suppose that ( |3.22| ) holds for a particular value of n(> 2). We choose 



/(o"r, 



da n+ i in*(o- n+ i)^(cr n+ i) 



where g(cr n+ i) is an arbitrary function. Then the supposed equation leads 



2tt 



2k 



da cU^dX^(a), / da x OI$(<7i)--- / d<j n+ i in*(o- n+ i)#(cr„ + i) 



2t 



dcx\ ifl*((Ti) 



n I da n+ i iil&(a n+1 )g(a n+ i) 



2 K 



+ / do-! ill*(cji) 



da n in$(cr„) 



/ " 

Jo 



da cU^dX^ia), / dcr„ + i ili^{a n+ i)(a n+l ) 



/•27T ^ r<7n-l 

I dai m&(ai) ■■■ da n cfl$(a n ) ift*(a n ) g(cr„) 

io io 



2tt 



+ / da\ iil*(cji) 



da n iU^(a n ) cU^(a n ) g{a n ) 



2tt 



da x ill&(ai) ■ ■ • / da n+1 cfl&(a n+1 )d an+1 g(a n+1 ] 



2tt 



+ / da x «n*(cr x ) • • • / dcr n+ i c(2vr)ni(27r)5(cr„ + i - 27r)*(X u (cr ri+ i))5 ffjl+1 ff(cr n+ i 



2tt 



+ / do"! ill&(ai) ■ ■ • / da n+1 iU^(a n+1 )d 



2tt 



da cTL9X(<t), g(<r n 



2 k 



dfJi if[*(o-i) • • • / dcr n+ i cll&(a n+ i)d an+1 g(a n+1 



r-2n 



+ / dai ill*(cri)--- / dcr n+ i ill&(a n+1 



2tt 



da cfldX(a),g(a n+ i] 



a 
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This is precisely ( 3.22| ) for n + 1. 



da n+1 c(2ir)ni(2Tr)5(2ira n+1 )&((j n+ i)g(a n ^ 



vanishes because the integrand has non-zero value only at the point u\ = ■ ■ ■ = a n +± = 2ir. 
What remains in order to prove the theorem is to confirm that ( 3.22| ) is satisfied for 
n = 1,2. These confirmations are shown in|B|. Put these all together, the theorem 3T has 
been proven. Finally we set f(a) = 1 for each value of n £ N, and then we get 

/ da cn^dX^(a),Pe^ daU ^^ x °^ =0. 
Jo 

Hence the boundary state ( |3,2| ) is BRST invariant. 
3.4 Divergence and equation of motion 

The boundary state includes singularities which remain after the zeta function regulariza- 
tion. Such divergences vanish if an equation of motion is satisfied. In other words, we can 
derive an equation of motion by requiring finiteness of the boundary state. 
We rewrite the second term in (3.16c) and ( 3.16d| ) as 

2 i 

tr [ e i(l-OpX x V CT pX x ij ^ — cos 2irna 



[2d 



-Ida 



n>0 



+ i 



2! 



tr 



n>0 



ng 



Integrate by part the first term twice to have 

- [da tr Ul-<^x x v^X x il Y — -4> ^r(cos2^ncr) 

Jo L l^^fngda^ ' 



■ Cda tr [e^-^rxSipXle^X*! V . % — (cos2^na) 
Jo L J ^ (2vr) 2 nff da 



tr 



e^ x [[XVpX],X] \J2 



n>0 



(27r) 2 n ff 



+ da tr 



n>0 



(2n)*ng 



cos 2ima 



(3.24) 



Here we have used an identity 
d 



da 



-tr 



e i(l-a)pX j\_ e i<rpX ft 



tr 



e iO--<r)pX[A,ipX]e iafiJL B 



The boundary state includes the following singularity after the zeta function regular- 
ization at a' order: 



-ipjti 



(ZTTj^a g 



C(i)l^o) 



- 30 - 



where 



n 

n=l 



This singularity is proportional to an equation of motion 

Hence if the equation of motion is satisfied, the boundary state is constructed out of creation 
operators on the vacuum with finite coefficients. We can say that our boundary state of 
multiple DO-branes is well-defined when the scalar field on DO-branes is on-shell. 

From another point of view, the divergences in the boundary state can be absorbed by 
a field redefinition 

X _> X * + C(l) + ^x) + 0(a' 2 ). (3.25) 

The boundary state contains no singularity after the field definition. However, this re- 
definition breaks the BRST invariance when X* is off-shell. As easily seen, 

fljTgp is the 

identity when X* satisfied the equation of motion. 

It is not sure that all divergences appearing at higher orders in a 1 can be absorbed by 
a field redefinition. We can see that a singularity which arises at order a' 2 can be absorbed 
by the field redefinition at least in the case that p = 0. At order a' 2 the only term which 
includes divergence is ( 3.1 7d| ) 

-2a'tr[X^ 3 )]C(l) -(«°-n«-n + «-„«-„)■ 

n>0 

This is canceled out by the term which appears when we redefine X 2 according to ( 3.25| ) 
from the term ( 3.16cj ) 



2.9 



n>0 



Note that the term ^tr[X J ', [X*, X J ']]C(f ) becomes zero due to the cyclicity of trace. Hence 
any other divergence does not happen at order a' 2 in the case that p = 0. After all the 
boundary state is regular up to order a' 2 at p = 0. We omit to determine the formula 
for the field redefinition at higher orders than a' 2 . This can be obtained by requiring 
cancellation of divergence at higher orders in the case that p ^ 0. 

In this paper we follow |B| concerning the definition of non-Abelian boundary state. 
1 25 ] takes an another approach: the boundary state is normalized by construction, however, 
is not BRST invariant for an arbitrary excitation of open string fields. By requiring BRST 
invariance an equation of motion for the gauge field at the leading order in a' is derived. 
The divergences in our boundary state vanish after a field redefinition. However, this 
redefinition breaks the BRST invariance when a configuration of D-branes is off-shell. It 
seems that our boundary state is essentially same to that in [25] after the field redefinition. 

To summarize this subsection, our boundary state of multiple DO-branes contains no 
singularity and BRST invariant when X* is on-shell. 
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3.5 Coupling to closed string 



We have constructed the boundary state in subsection 3.1. We extract couplings to closed 
strings from the constructed boundary state. Our results of coupling to massless closed 
string fields are identical to that presented in section ||. Although open and closed string 
fields and closed string couplings are functions of x° = t, we suppress the argument t of 
them in this subsection. 

As shown in ( |3.18|) , the boundary state can be written as 

\B) = {/(p) + (<v(p) + c^ip)) o^fi*! + • • • }\D0) 



where a 



hi/ 



\D0) 



Tn 



exp 



I n>0 n>0 J 



ciCi^^HO). 



Then the boundary state can be rewritten as 



2 



d 25 k 
(2vr) 25 



- /(fc)(6_ic_i + 6_i£_i) H W cici| 



We can identify F, A, and C in (|2.1[) as follows: 



F(k) = 








B(k) = 






2 C^ U (K). 



Thus the source term ( |2.2j ) becomes 



(27T) 



25 



{r(-fc)/(fc) + \h, v {-k) ( a ^(k) - f(k)(s^ + sT)) 

+ h^{-k)c^{k) + 2<j>(-k)f(k) + •••}. 



(3.26) 



Considering = g(r]oo, —Sij), we can see + g^ u = — 2g <5 M o<^/0- Explicit formulas 
for f(k),a^ u (k),c^ v (k) are shown in ( gig ), ( pp|) and ( ^2l|) . a^(fc), c^(fc) in flp^) are 
identical (up to the the overall normalization) to the energy-momentum tensor of bosonic 
strings derived from the disk amplitudes shown in ( |C.2j ): 



T 00 (k) 
T 0i (k) 
T l i{k) 



2a' 
9 Jo 

l 

da tr 



da tT[e^ l - a ^(ipX)e t(T ^{ipX)} cos 2™ - — tr 

9 



(ipX)e^ x 



o 

2g 
a' 



e i(i-a)px^.^) e ^px x »: 



e 2nia + 2 tj . 



XV 



i_ipX 



(3.27) 



l 

da tr 



g i ( 1 - a) fcX y^i e iakX j 
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In what follows we consider the case T(x), h^ u (x), V iv {x), 4>(x) are independent of the 
coordinates along Dirichlet directions x l . We denote the closed string fields as 

T(k) = (2vr) 25 5 25 (k)T 
h» u (k) = (2vr) 25 5 25 (k)h^ 
b^(k) = (2vr) 25 5 25 (k)b^ u 
(f)^(k) = (2vr) 25 5 25 {k)(j). 



Take care that T, , , (ft depends on the coordinates along Neumann directions x a . In 
case of DO-branes, the closed string fields depends only on x° = t.In this case we find the 
couplings to closed strings (|2.2|) become 



(II { o'lo [ tr[l] - hv 



XX 




{ 9 ) 






K2ira'J 



1 
1 

2^ 



+ — h 00 T \tT[l] + -tr 
{hoi + h i0 )T (tr[X 



X l X l 



1 / 9 



4 V2vra / 



7 ) tr[X,X^ 



+ Yg (b 0l - b t0 )T (^tr[[X l ,X^] 



+ l^hijTo ( i r 



XX- 7 ' 



+ {^) tr[X',X fe ][X^,X fe ] 



2g 



2ira 



From this source terms, we can extract the couplings to massless closed string fields as 
follows. 



rOO 

1 h 



rOi 
1 h 



rOi 



n 3 



T g Ur[l] + itr 



T Q g tr[X] 







( 9 \ 




-I 


V2vra'/ 



7 tr[X,X^ 



= Tog tr 



X'X J 


+ ( 9 )\ 


X,X fc 




X J ',X fc 




\2ira?) 









U = T Q [ tr[l] - -tr 



XX* 



4 V2vra / 



7b5 



«5 



tr 



ix\x j, i»" 



(3.28) 



These results are identical to the closed string coupling derived from Matrix theory poten- 
tial, and non-Abelian DBI action of multiple DO-branes ( |C.1| ) estimated at k = 0. We can 
say our boundary state reproduces the non-Abelian DBI action linear in massless closed 
string fields correctly. 
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We note that the n-th derivatives of closed string fields h fMU (x), b^ u (x), (p(x) with respect 
to x 1 couple to the n-th derivatives of the corresponding couplings I liu (k), Ibfj,v(k), (f){k) with 
respect to k % . The source term ( |2.2| ) takes the form of 



•So, 



T Idt 



where 



1 


oo 1 

V- 

^ n! 

n=l 




+ 


oo 

^— ' n 

n=l 




+ 


oo ^ 

^ n\ 

n=l 




hf 
Or- 






b% 




=(d x n 








U 


■ ln \t) 


=(dk n 



rfJ,v(il—in) 



(3.29) 



ln >(t) 



x<-=0 



x*=0 



x l =0 



ki=0 



This corresponds to the non-Abelian Taylor expansion of closed string fields in powers of 
scalar fields 3>(x a ) in a non-Abelian DBI action [|H]]: 



oo 1 

h i i{x a ,&{x a )) = Y,-* i Hx a )---® in (x a )(dxn---d x . n )h ij (x a ,x i ) 

n=0 n ' 

oo 

b l] {x a ,&{x a )) = ^—& 1 {x a )---&-(x a ){d x ^---d x i n )b ij {x\x i ) 

n=0 n ' 
oo 1 

^(x ,**^ 11 )) = V — * n (x a ) (x a )(d xh ■■■d xln )$(x a ,x i ) 



x l =0 



n=0 



z l =0 



From this point of view, I(k = 0) in ( |3,27 ) represents the total charge integrated over the 
Dirichlet directions. This can be seen as follows. 



W = 0)= ldx l e ik ^I(x l )\, t 



fc'=0 



dx l I(x l ). 



(3.30) 



In a similar way, we can see that derivatives of I(k l ) with respect to k l contains information 
about the charge distribution. 



To summarize this subsection, we have extracted the closed string couplings ( |3.27|) , (|3.2g| ) 
from the constructed boundary state up to 0(a' 2 ). Our results are identical to those de- 
rived from a Matrix theory potential |?], || 0], disk one-point amplitudes with a D-brane 



- 34 - 



boundary || which are presented in ( p.2Q , ( C.l ). In addition we have confirmed up to 
0(0 that our results realize the linear part in closed string fields of the non-Abelian 
DBI action [ 10 1 presented in ( C.2[ ), ( p.l| ). This represents that the formulas for boundary 
state (D.49), or equivalently ( |3.2| ), satisfies the requirement ( p.47 ) that the boundary state 
should reproduce the correct disk amplitude at least for massless closed strings. 

3.6 Extension to type IIA superstring 

We have investigated boundary states in the bosonic string theory. Extension to the type 
IIA superstring theory is given in this subsection. In addition to a worldsheet boson, we 
need to take account of a worldsheet fermion. 
A worldsheet fermion can be expanded as 

^(r, C j)=r 1 / 2 ^e~ iTiT - a) 
rez+i 



tps j ip" satisfy anticommutation relations 
It is convenient to define 



2 vr v-/ r v-/y 2 -l /2 

r 

Then the GSO projected boundary state \B) can be written as 

\B) = GSO|5,+) 

where 



\B,+) = trPexp 



2 77 



da (%X*(X )ILi(<T) 



o 

-^(X^Ma) - 7 -i r7 pC*(i°) > X^X )]^* i (a: 



\D0,+) 



\D0,+) = |£>0) Q |S) gh |£>0,+)^|S,+) Bgh . 

Note that we define ip,ip to be dimensionless, while they have dimension of a' in ||. After 
the Wick rotation r = it and exchange r *-* cr, the boundary action under consideration is 
same as that given in ||. 

(o"i, • • • , dp) in the bosonic case, we define 



In a manner similar to the case of Ap 11 ^ p < 



JDp 



9=1 



^ ErW - V- r )e 2 ™ ra Neumann 



. EM + ^ r )e 27rirCT Dirichlet 
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In the remaining of this subsection, we always think that Bp 1 (o"i, • • • , cr p ) operates on 
\Dp},+ and omit \Dp),+ as in the case of the bosonic string. Bp 11 Mp (cji, • • • ,a p ) has a 
property 

Bp 1 ^(cji,--- , a p ) = sgn(cr)i?p T(1> t(p5 (cr r m , • • • , c T fp)) r: permutation. (3.31) 

Here we have an additional numerical factor sgn(cr) because V'-riV'-r are anticommutative 
rather than commutative. It is convenient to abbreviate so that 



2vr \ 



2iV2 



-Op * Dp 



(3.32) 

What is different from the bosonic case is that \fr always appears in the form of 1 5 r ° (cr)^? 1 (a) 
or ^ 1 (<t)^ '(c). Thus B should be a product of an arbitrary power of {a)b l (a) and 
b l {a)V{a) before operation on |-D0). Results of calculating B are shown in appendix [A]. In 
calculations of the boundary state we find a factor 



^ ( A 

> sm 2tt I n H — I cr. 

n=o ^ ' 



which diverges naively. We regularize this by restoration of the worldsheet time t = ir 7^ 
in summation, and take the limit of t — > finally. By this regularization at the worldsheet 
boundary we can calculate this factor as 

00 1 

lim _ r e 27ri(n+l/2)(<x+it) _ -27ri(n+l/2)(<7-it) 1 
n=0 

2 1 gKi{p-\-it) g—'Kiia—it) | 

= lim — 



t->0 2i I 1 — e 27ri(o-+it) J _ e -2m((T-ii) 
1 



2 sin ira 



In computation of the boundary state we need to deal with singularities by the zeta function 
regularization: || 

00 00 

E l = lim^(n+I)- s = C (0,i)=0 

_ 1 1 71=0 

r ~ 2> 3' ' ' ' 

where £(s, a) = Yl^=o(. n + * s ^ e Hurwitz zeta function. 

In the type IIA superstring theory, calculations of boundary state and closed string 
coupling can be done in a way similar to the bosonic case. Although we omit details of 
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such calculations, the result of closed string coupling to massless closed strings become 

1 



I+tt,k) =T Str 
I%°(t,k) = T Str 



1 - -X'X* 
2 



1+ ^*-i(d^[ x '' x ^ x ' x 



ij*(i,fc) = T Str 



l£(*,fc)=T Str 



I^(t,k) = T Str 
ll j (t,k)=T Q Stv 



XM e ifcX 



X*X l - ~[X l ,X J ][X\X 3 ] ) e 



ifcX 



27ra' 
— i 



27ra 



7 [X^X^']XM e ifcX 



(3.33) 



These are identical the couplings to massless closed strings derived from the disk ampli- 
tude, Matrix theory potentail, and non-Abelian DBI action shown in ( p.l| ). It is worthwhile 
to note that these couplings take the form of symmetrized trace in the superstring theory 
( 3.33 ), but not in the bosonic theory ( p7|) . The same behavior can be seen in the result 
obtained from disk amplitudes as shown in (|C.1|) and (p.2|). 



4. Coincidence of boundary state in nontrivial case 

We confirm that our boundary state realizes the correct one in two nontrivial cases in this 
section. The first case is a single boosted DO-brane, and the second case is a noncommu- 
tative D2-brane. In both cases our boundary state is exactly identical to the previously 
known one. 

4.1 Single boosted DO-brane 

We consider a single boosted DO-brane with velocity v along a direction x . In this sub- 
section we focus on a matter part of directions x ,^ 1 in the boundary state. 



It is known that a boundary state of the DO-brane takes the form of [11] 



|-D0) bo ost = y\A - V 2 exp -^ a -n M ^( v )a-n \ 

I n>0 n J 



x* - vt)\0) 



1-v 2 2v 
' 1+v' 2 l~v 2 



(4.1) 



2v 
1-v 2 



1-v 2 

T+v 2 



We expand M^v in powers of v to have 



fj,, v = 0, 1 i = 1. 



2v 2 2v 



In calculations of our boundary state (|3.2| ) for a single boosted DO-brane, we need not 
to take account of ordering because X 1 = vt is not a matrix but just a number. Then all 
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terms in the boundary state are reduced to the form of 

tv[(±) n e ipx ]\x = 0) = v n 5(x i - vt)\0), 

All computations in order to determine numerical factors of these terms are same as that 
of the general boundary state at p = 0. Then we find from ( |3.21| ) 

l S ) = y{^ + E ^<V«-i«-i + C + O(v 3 )}e^ x \D0) fi, v = 0, 1 (4.2) 

n>0 

\D0) = ^ exp J - } |0> 

I n>0 J 



where /, ow and c are 



J 2 



ifiu = g 



2v 2 2v 
2v 2v 



2 ' 



C = 2g 2 v 2 V ^(a° n a° m «- 
^-^ nm 



n,m>0 



-I- 2rv° it 1 n< n- 1 
1 ^—n^—m^—m^—m 



+ a l a 1 a a ). 

— n — m — n — mJ 



We can see fl4.1| ) and ( [4.2D are identical. Hence our boundary state fl3.2| ) is identical to the 
already known one 

(O) at least U P t0 0(v 2 ). 



4.2 Noncommutative D2-brane 

In this subsection we calculate the boundary state Q3.2j ) for a noncommutative D2-brane. 
we focus on a matter part of directions x l ,x 2 in the boundary state. We start from two 
matrices X' (i = 1,2) describing a two-dimensional noncommutative plane which satisfies 



[X\X 2 1 



(4.3) 



Here is a noncommutivity identified as 



where 6 is strength of magnetic flux on the D2-brane. A boundary state to be considered 
in this subsection is represented by 

r>27r 



\B) = trP exp 



i I da X l Ui{a) 
o 



|D0). 



(4.4) 



For diagonal matrices X' = diag(^, • • • , £]v), the boundary state (|4.4| ) gives a summation 
of DO-brane boundary states located at x % = (a = 1, • ■ ■ , N), where matrix size N 
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corresponds to the number of DO-branes. In presence of off-diagonal components in X 2 , 
they are noncommutative in general and cannot be interpreted as positions of DO-branes. 
Therefore what the boundary state ( ]4.4j ) represents is a nontrivial problem for the general 
X*. 



The boundary state (4.4) can be computed by using a path integral, and the result is 
identical to the boundary state of a D2-brane with a constant field strength up to overall 
normalization |2^| . It is difficult, however, to adopt such a method to the general case. 
In this subsection we calculate the boundary state in the operator formalism in powers of 
2^7. This expansion is essentially the ol expansion in the Seiberg-Witten limit [26]: 



=1/2 



9 : fixed. 



In the remaining of this subsection we calculate the boundary state (4^) of infinitely 
many DO-branes of the configuration (|4.3| ). We consider order by order in powers of X 1 
other than a factor e Jj5X . 

zeroth order 

First, we consider the zeroth order term. The following identity holds: 

2vr 



tre 



The numerical factor can be confirmed by using a coherent state. Thus at zeroth order the 
boundary state becomes 

2 -^-5 2 (p)5 2 (x)\p t = 0) = -/{p)W = 0} = ^bi = 0). 

first order 

Second, we confirm the first order terms vanish. By using cyclicity of trace, a trace part 
of the first order terms becomes 

tr r e *(l-<ri)X-i5xV <7lX ^l = tr [e^X* 1 

X. l pi (i = 1,2) is abbreviated as X • p. We can see the trace part is independent of u\. 
Integrate a oscillation operator part over a, then the first oder terms vanish as follows. 



/2a' 



:tr 



This result is consistent to the level matching condition for closed string states, 
second order 

At second order what we have to consider is 



1 r-u 1 

M JO 



/2a 7 



tr 



oi2)X-p-j£ i\ e iCTi 2 X-?5-j£i2 



E (< + <)« + <)e 27r ' ( " 1<71+n2<T2) - 
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Here we have used cyclicity of trace, and a±2 = o\ — a 2 . We divide our calculations into 
three steps. First we calculate the trace part. Next we compute the string oscillation part. 
Finally we perform the integrals. 

In order to calculate the trace part, we consider the matrices X* as representation 
matrices of operators X 1 acting on a Hilbert space. We introduce operators X 1 and a 
Hilbert space 2 H = {|n)) | n = 0, 1, 2, ■ ■ ■ } such that 

«n|X>» = (X*)- 

Such operators can be constructed by considering a harmonic oscillator. The operators X' 1 
should satisfy an identity 

[X\X 2 ] =i0. 

This is identically the commutator relation of position and momentum operators in the 
one-dimensional quantum mechanics. On the basis of this observation, we define creation 
and annihilation operators by 

d^-^^-iX 2 ) a = -^={X 1 +iX 2 ). 
Then we identify |n)) as a number state, or explicitly 

a|0»=0, |n» = ^|0». 



In addition, it is convenient to introduce a coherent state \fi}) = e e^ at |0)) where fi is 
a complex number. A coherent state has properties 

i„|2 ,,m 1 r 

a|A*» = M |M» (Mri) = e- — ^= 1 = - d 2 ^ |a*>X<A*I 

Vm! J 

where d 2 /x is an integral over real and imaginary parts of ft. Note that coherent states are 
not orthonormal, but satisfy 

'|2 ,,,,2 



In what follows, we calculate a trace part of the second order terms by using coherent 
states. Note that the trace over matrix indices is equivalent to the one over the Hilbert 
space. The trace part is written as 



^2nd - tr 



e i(l-<Tl2)X-p2£ii e Mri2X-p-j£i 2 

= F 2nd ((l-a 12 )p,a 12 p; ^,<5 i2i ), 

where 



F 2 nd(h,h ; k 2 ,k 4 ) =tr [e ifclX fc 2 Xe ife3X A;4x] . 



2 We denote a state in the Hilbert space by double angle-brackets |-)) to distinguish from a closed string 
state denoted by a single angle-bracket |-). 
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Note that we denote indexes of space i = 1,2 by superscripts k l , while different variables 
are distinguished by subscripts k m . In other words k l m represents the i-th space component 
of a variable k m . Then we calculate F 2n ^(ki,k3; &2, fo*)- An relation 



e ik a X _ e iX* a a e i\ a a< e ^-f- 

holds from the Baker-Campbell-Hausdorff formula where A a = \J\{k\ + ik 2 ). By using 
this relation we have 

^2nd(fel, h; k 2 , h) 

' —-— E/// d 2 fiid^ 3 d 2 ^((n\e lX >\^)}((^ x ^(X 2 a^ + X* 2 a)e^ a \^)) 

(^3|e lA3at (A 4 at + A:a)|/i 5 ))(( / u 5 |n)) 
J J j d 2 md 2 fi 3 d 2 fi 5 (A 2 /Xi + A 2/ u 3 )(A4^3 + Xlfi 5 ) 



= -re 2 1 2 

7T- 3 

n 



1 |Al| 2 1 |A 3 | 2 



7T 3 



1 |Ai! 2 |A 3 | 2 

— e 2 2 

7T 



-|Ati| 2 -|^3| 2 -|M5| 2 +M5Mi+MiM3+M3M5+«A^i+iAi^^+jA3^3+iA 3 ^3 

*\2 



+ i(A2A 3 A4 + A^A^A 4 )/Ui + i(A 2 A^A 4 + A?iA 3 A 4 )/4 

+ A^A 4 (1 - |A 3 | 2 )y W+A3>i+*(Ai+a 3 K 

Substituting fei = (1 — 0"i 2 )j5, fc 3 = <7i 2 ]5 into this, we have 
(^ e !(i- 2CT12 )eb| 2 j 



1 / d 2 d 2 \ 



1 / a 2 a 2 a 2 a 

' + 2l 7> a > 

iPl Op\p 2 Op 2 p 

2 «2 q2 



+ \*\* 4 - - • - I — - + 2/ 
+ A 2 A 4 



' 4 (iV26) 2 V^PiPi ' dpiP2 dp 2 p 2 J 



26) 2 \dpipi dpip 2 dp 2 p 2 J 

/9 1 / d 

2 (A 2 (Pi - ^2)A 4 + A5(pi + ^)A 4 )^= - ^ 



+ A^A 4 (l-|A 3 | 2 )},5 2 (v^p). 
Integrating by part, this equation becomes 

^(A^A 4 -A 2 AI)(l-2a 12 )J 2 (p). 



Into this we substitute A 2 = yj ^(S hl + i5 il2 ), A 4 = \J § (<? 21 + iS i22 ), then the trace part 
becomes 

F l ^l = m(5 l ^5 i22 - 5 h2 5 l2l )(l - 2a 12 )5 2 (p) = m{l - 2a 12 )5 2 \p)e 1 ^ . 
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Here we set e 12 = 1. 

The string oscillation part becomes A 1 ^ 12 (01, 02) given in appendix [A|. Finally we 
integrate a product of the trace and oscillation parts over o\ and 02. After integration 
non- vanishing terms are 

f da 2 4^(^,(72)^(1 - 2a! + 2o 2 )e* li2 = V -a^a^e* 1 * 3 ■ 



After all the boundary state at second order becomes 
2 



/2a' 



7 



0:_ 



«2 



71>0 



2-kck 



' n>0 



'2 



where we restore the abbreviation of A % 2 %2 (a\, °2)- 
third order 

We can see that the third order terms vanish in a similar way. We omit detailed calcula- 
tions. Note that disappearance of the third order terms is consistent to the level matching 
condition for closed string states. 

fourth order 

At fourth order we should calculate 



do\ \ da 2 1 das / da± 



tr 



e i(l-CTi4)X-p^ii e «o-i2X-}5-^-i2 e jcr23X-p-^-i3 e io-34X-}5-j^i4 



E « + <)(< + <)(< + <)(< + ^ 4)e 2 m( n lCTl+ n 2CT2+ n 3CT 3 + n 4 . 4 )_ 
ni,n2,n 3 ,n4^0 

In a way similar to the case at second order, we divide calculations into three steps: 
calculations of the trace part, the string oscillation part, and the integrations over o's. 

The trace part at fourth order can be calculated in a manner similar to the case at 
second oder, and the result is 

=tr [ e < ( 1- ^ 4 ^A;iXe i ^ 2X ^fc2Xe foiS3X, *fe3Xe ioa4fc * x, *fc4X 

(A2r ^Ar^6i^8i + ^2i^4i^6r^8r) 

(-4 + 8(<ti + a 2 - a 3 - a 4) + 8(01 + a 2 ) (03 + a 4) - 16(a\a 2 + 0-30-4)) 



7T 



+ (^2r^4i^6r^8i + ^2i ^ir ^8r) 

(-8(0-2 - 03) + 8(01 + o 3 )(o 2 + o 4 ) - 16(0103 + 0204)) 

+ (^2r^4i^6i^8r + ^2i ^4r ^6r Asi) 

(4 - 8(01 - 04) + 8(01 + 04) (02 + 03) - 16(0104 + 0203)) 
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where A 2 = yj^{k\ + ikf), A 4 = J^{k\ + ik 2 ), A 6 = yj(fcij +»*$), A B = The 
subscripts r and i represent real and imaginary parts. Substitute k\ = <5 n \£;| = 5 t2t ,k% = 
k\ = 5 iAi into F 4th , and then we get the trace part F^ hii . 

The string oscillator part is A^ l2l3U (ai, a 2, 03 04) given in appendix [A|. Finally we 
integrate a product of the trace and string oscillation parts. Although we omit details of 
the integrations, the boundary state at fourth order becomes 




29 s AO 
—CO - — 

5 7T 5>7T 

2 C(o) 



n>0 / 



where we restore the abbreviation of 2 3U ((Ti, 02, 03 (74). 



Equivalence between boundary states of D2-brane and multiple DO-branes 

Note that we focus on a matter part of directions x l ,x 2 in the boundary state. We have 
calculated the boundary state ( |4.4| ) up to second order of \ = jfj^j an d the results is 



|/7 i= 5^ 2 (j5)5 2 (x)(l 



2 9 



cm 

6 2 



^ 2 + ^W^n&\ + 
' n>0 



Att9 b 2 



exp < ^ -ga l _ n a l _ n \ |0> 
U>o n J 

ri ) +or 3 ))e^>o>-» a -»io). 

6 &V 



(4.5) 



Therefore, it is sufficient to consider only p l = p 2 = terms because the boundary state 
is proportional to S(p 1 )5(p 2 ). By using this result, we can easily confirm that our result 
Q3.21 ) of the general boundary state at p = realizes the boundary state derived in this 
subsection Q4.5| ). 

It is known that a boundary state of a D2-brane with a background B-field Bij = Beij 



is written as [12| 



\D2) B = ^(det(g + B))-^ exp 



My = (g-B) ik (g + B)~ lkl 9lj 



n>0 n 



|0> 



.9 



ff 2 - B 2 2gB 



g 2 + B 2 \ -2gB g 2 - B 2 ' 
V / ij 
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We expand this boundary state in to have 

\D2) B = ^Br*V> l-* + E^(f - 2 $Y 12 + 0((B/ 9 y 

\ n>0 V B W/ 

U>o n J 



(4.6) 



With the identification 



Q4.5| ) and ( |4,6| ) are identical. Thus we can say two boundary states \B) and \D2)g, the 
former is constructed from DO-brane matrices and the latter is the D2-brane boundary 
state, are equivalent at least up to 0(b~ 3 ). We can see that overall normalization is 
identical: 

fkn-2C(o) = 
2 4vr6» 

where T2 = 4^7, and £(0) = — |. Although we have omitted (a_ n ) 4 terms, they become 
b 2 



En 2 — ( — In 1 n 2 rr l n 2 -4- nt 1 nt l n 2 n 2 -4- n 2 n 2 n 1 n- 1 W 
y ^2 \ n^— m^— n^-— m 1 ^—n^—m^—n^—m 1 ^— n^— m^— n^— m// 

n,m>0 



both from \B) and |D2)b- 

To summarize this subsection, we have confirmed that the boundary state ( f4.4| ) con- 
structed from the matrices ( |4.3| ) reproduces the boundary state of a D2-brane with a 
constant background B-field. 

5. Conclusion and discussion 

We have studied the boundary state of multiple DO-branes with an arbitrary configuration 
of the scalar field in a' expansion both in bosonic string and superstring theories. The 
boundary state is BRST invariant for an arbitrary configuration formally. However, the 
boundary state includes singularities when the scalar field is off-shell. Hence our boundary 
state is well-defined only when the scalar filed satisfies the equation of motion. In other 
words the on-shell boundary state contains no singularity and BRST invariant. In this way 
we have extracted the correct equation of motions of multiple DO-branes from the boundary 
state by requiring finiteness of the boundary state. Furthermore we have investigated 
couplings of massless open string fields to NS-NS massless closed string fields. Our results 
Q3.27 ), ( 3.28| ), ( |3.33| ) realize the correct formulas for supergravity current distribution and 



a linear part of the non-Abelian DBI action in closed string fields at least up to order 
a' 2 . In addition, we have confirmed our boundary state is identical to the previously 
known one in the cases of a single boosted DO-brane and a noncommutative D2-brane. To 
summarize, our results support the formula for non-Abelian boundary states defined by 
using the Wilson loop factor is the correct one. 
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At the end of this paper, we discuss future directions and related topics. We have 
focused on couplings of massless open string fields to massless NS-NS closed fields. We can 
derive couplings to massless R-R closed string fields to extract D-charge density, couplings 
to massive closed string fields, and couplings of fermionic and massive open string fields. 
It is interesting problem to reveal an role of massive open strings in noncommutative and 
fuzzy D-brane systems. 

We can calculate the boundary state and closed string coupling at higher orders in a'. 
If our boundary state is the correct one, higher a' corrections to non-Abelian DBI action 
can be derived by developing our study in this paper. In a similar way we can calculate a' 
corrections to closed string couplings such as energy-momentum tensor, F-charge density 
and D-charge density. Note that the non-Abelian DBI action with symmetrized trace [10] 
is valid only up to order a' 4 [14, 15]. 

One of important problems is to find a way to know boundary conditions a non- 
Abelian boundary state satisfies, and how open string excitations influence to them. Such 
a method will give us a geometrical interpretation of the general non-Abelian D-brane 
system. A boundary state for a D-brane satisfying the Dirichlet boundary condition on a 
curved submanifold embedded in the flat space is studied in [£7j] . 

Another unsolved problem is to find a way to include g s correction. A boundary 
state represents only closed string state emitted from D-branes, and effects of them on the 
D-branes are ignored. We can also say that D-branes are regarded as infinitely massive 
objects. In other words we cannot deal with a worldsheet which has many separated 
boundaries on D-branes by a boundary state. g s corrections in a closed string field theory 
with a dynamical D-brane are considered in 1 28 ] . Scattering of quantized two DO-branes is 
studies in [E9[. It may be useful to introduce a concept like a solitonic operator to D-brane 



systems [ 30 [ . 

It is also interesting to consider the idempotency relation |5lJ of non-Abelian boundary 
states with an arbitrary open string excitation. 
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A. Creation operators on DO-brane boundary state 

In this appendix results of Ap] q Mp (o"i,--- ,a p ),Bp^ q p (o"i,--- ,a p ) are shown. They are 
abbreviated according to ( |3.10| ) in this appendix for simplicity. In the final results, restore 
these factors all. 
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Worldsheet boson 



A?(<ti) = J2 — («°-ne 2 "" lffl + a°- n e~ 27viniai ) 

n>0 U 

A?(<ti) = ^2(d!_ 1 „e 2 ™ 1CTl +a!_ 1 n e- 2 ™ lCTl ) 

n>0 



ni,n 2 >0 



+ d° a° g27rj(niCTi -n 2 o- 2 ) _|_ a ^0 e 27ri(-nio-i-n 2 o- 2 )^ 



+ — cos 27rno"i2 
no 

n>0 y 



4 li2 ((7i, a 2 ) = Yl 4 (a- 1 „ 1 a- 2 „ 2 e 2 ^ (ni<Jl+n2,T2) + ai 1 ni d!_ 2 n2 e 2 ^(- niCT1+ri2<T2 ) 

+ Q? 1 a* 2 e 27ri ( n l <T l _n 2°'2) _|_ Qjil a *2 e 27ri(-rai<Ti-n 2 o-2)^ 



ni,n 2 >0 



+ V" ^5*1*2 cos 2irnai2 

n>0 M 



ni,n 2 ,n 3 >\j 



//T,0 ~0 ~0 2ni(+ni<Ji+n2&2+n 3 cr 3 ) . ~0 ~0 2ni(+n 1 a 1 +n2<J2-n 3 tT 3 ) 
l"— ni"— n 2 "— n3 e "r" ni u -n 2 "-713 c 

_j_ ^0 ~0 27rj(+niCTi-n 2 (7 2 +n3CT3) , ~0 2-Ki{-n 1 a 1 +n2a 2 -n 3 u 3 ) 
ni"— n 2 "— 713 ~ m"— n 2 "— 713° 

4- ™° n- rv° „27ri(+nio-i-n 2 <T 2 +ra3(73) , ~0 27ri(-nio-i+n 2 CT 2 -n30- 3 ) 
+a° a° d° e 27ri(-nio-i-n2CT2+n3<T3) _|_ a ^0 Q e 27rj(-ni<7i-n 2 (T2-n3(T3) 1 



4j°°(<7i,<7 2 ,<7 3 ) = {cos2irma 23 (a\e 2 ^+a _ n e- 2 ^) 

^-^ qnm 

n,rn>0 3 

+ cos 27rmai 3 (d° n e 2 ™ CT2 + a°_ n e~ 2irina2 ) + cos 2TTma 12 {a°_ n e 2 ™ CT3 + a° n e~ 2 ™ CT3 )} 



ni,n2,n.3>0 

pds 2ni(+nicri+n2<J2+n 3 cr 3 ) , ~ii ~«2 „,»3 27rj(+ni<7i+n20-2-n3cT3) 
Le -ni Ll -rt2 Ll -n3 C t ni ri2 u -ri3 C 

i ^2 =r,«3 27ri(+nio-i-n20-2+n30- 3 ) . ii ~i 2 «3 27ri(-niCTi+n 2 <T 2 -n3CT 3 ) 

"-ni u: -n 2 u; -n3 c "-ni Le -n2 L *-n3 c 

4- « ij r/ 2 rv* 3 „27ri(+nio-i-rt20-2+n 3 o-3) , h ~i 2 %z 27ri(-niCTi+n 2 <T 2 -n 3 CT3) 
Le -ni"-n 2 -«3 T u; -ni"-n2 -«3 

-l-rv* 1 r/ 2 n<* 3 p2iri(-ni<7i-n2<T2+ri3<T3) i »i «2 h 2ni(-niai~n 2 <J2-n 3 a 3 )\ 
~ TLt —ni'- t —n2 U -—n 3 c - ' uc — n\ Lx — n 2 «3 C J 
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4r>i,<X2,<x 3 ) = Yl —{s t2t3 cos27rma 2 3(a 1 l n e 2mn ^+a 1 l n e~ 2mn ^) 

n,m>0 9 

+ 5 ili3 cos2irma 13 (a i l n e 2wina2 + a!_ 2 n e~ 2 ™ a2 ) 
+5 hi2 cos27rmai 2 (a!_ 3 n e 2 ™ a3 + a!_ 3 „ e - 2 ™ a3 )} 



40000/ „ „ „ \ \ ~* ^6 
A 4 4 (<Ti,(72,(73, (74; = > 

ni,n2,n3,ri4>0 
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A A rv° a p 27ri(+riio-i+ri20"2+™30"3+n4°-4) 
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I „,0 ~0 ~0 27ri(-nicri+n2cr2-n30-3+n40-4) 
T ct_ ni u:_ n2 ct_ n3 u;_ n4 c 
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zioooo/ _ „ „ \ \ " 16 

^4,2 ^1)^2,^3)^4;= 2 -> 



n,m,l>0 * 

|cos2^a 3 4 (a°„a°. m e 27ri(+nCT1+mCT2) +Q° n Q° m e 2 ^ (+nCT1 - mCT2) 

+a° (5° e 27ri (- rao "l+ mo "2) _|_ a a e 27ri(-ncri-mo- 2 ) 

77 777 77 777 

+ cos 2^4 (a° n Q m e 2 ^ (+n<T1+mCT3) + d\a ( L m e 27Ti(+nai - ma ^ 

+a° a e 27r *(- no "i+ mo "3) _|_ a a e 2m(-n<7i-ma 2 ) 

77 777 77 777 

+ cos 2^/(723 (a° n a° m e 2 ™ (+n<J1+m<T4) + d° n a°_ mf ?*H+™i-™'*) 
+ cos IttIct 14 (a° n a° m e 2 ^( +n<T2+m,T3 ) + d° n a° ra e 2 »(+^-™-3) 

?7 777 77 777 

+ cos 2^/a 2 4 (a° n a° m e 2 ™ (+n<Jl+m,T3) + a°_ n aP_ ^M+n^-mas) 

+Q° (5° e 27r *(- rao "l+ mo "3) _|_ Q a e 27rj(-ncri-mo- 3 

+ cos 27r/<7 42 (a° n a° m e 2 ™ (+nCT3+m<T4) + d° n a° m e 2 «(+^-m,4) 

+Q° (5° e 27 ™(- no "3+m°- 4 ) _|_ Q a e 27ri(-ncr 3 --m(74) 



^40° (Cl, cr 2, 0"3, C4) = ~o (cOs27Tn(T42COs27rmiT34 

n,m>0 

+ cos 27rncri3 cos 27rmcr24 + cos 27rncri4 cos 27rm<723 j 
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4T 3i Vi^2,a 3 ,a 4 )= 16 

ni,n2,".3,«4>0 

{ r\ ix rv i2 fjz ri i4 p ^i{+n 1 <T 1 +n 2 a2+nz<T 3 +n A (T 4 ) 



-I- A-* 1 n<* 2 n-* 3 n<* 4 p 2 ?r*(-rai<7i+fi2<72+ra3<T3+ri4<T4) 
' u — ni — 712 — «3 — fl4 

_i_ ~U „,*2 :ri3 27ri(+nicri-n20-2+n30-3+n40-4) 
"T" " — ni u — «2 — «3 — «4 

_i_ ^,*2 „»3 ™*4 27ri(+nio-i+n2(T2-n30'3+ra40-4) 

"r" rii - «2 —"3 — riA 

_|_ z^* 1 n 12 -J4 27ri(+nicri+n20-2+n30-3-n40-4) 

~r u — tii u — n2 — ri3 — n4 c 



-I- r/ 1 r/ 2 n-* 3 n-* 4 (0 27ri(-n 1 cri-n2cr2+n30-3+«40-4) 

+ Q!* 1 a* 2 a* 3 a* 4 p%ni{—n\G\+n2G2—nz<Tz+n4a4) 
' — Til — 712 — n 3 — n 4 

I n h tf2 U 2m(-n 1 <T 1 +n2<T2+n 3 a 3 -n4<T4) 

4- rv il r/ 2 rv i:i n<* 4 p "2m{+n 1 cr 1 -n2cr2-n 3 <j 3 +n4(T4) 
~ u — tii u — n2 — «3 — n4 C 

4- ri* 1 n-* 2 a* 3 n-* 4 (0 27ri(+nicri-n20-2+n30-3-n40-4) 
"-n 1 u: -?l2 ~"3 -"4 

4- a* 1 a* 2 n/* 3 a* 4 (0 27ri(+nicr 1 +n2cr2-n 3 o-3-?i40-4) 
ni"— r^"— 713"— n4 C 



4- a* 1 rv* 2 n/* 3 a* 4 (0 27ri(-nicri-n2cr 2 -n 3 (73+?i40-4) 
u: -?li u: -?12 -«3 -ri4 

4- a* 1 r/ 2 a* 3 rv* 4 (0 27ri(-nicri-n20-2+n30-3-ri4cr4) 

u: -ni"-n 2 -«3 -"4 

4- n? 1 rJ" 2 n/ iz n? 4 p ^i{—n\c\-\-n2Cr2—nz(Tz—n4C4) 
LX —n 1 LX -ri2 U '-n 3 LX —n4 C 

4- rv ix rv* 2 n/ iz n> i4 z>27ri(+7ii<7i—Ti2<72— 713(73— ri4<74) 
Lt -ni Lt -n 2 -«3 -«4 C 



+ t1 to *3 t4 Z 

rv a a a p 
"— rti n2 — 713 < - 1 — ri4 ° 
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n,m,l>0 ^ 

j> 14 cos27r^ 3 4 (a!! n a!_ 2 m e 2m(+nai+mCT2) + d!_ 1 n a!_ 2 m e 2 ^ (+n<Jl - ma2) 

+a il a* 2 e 27ri (- rao "i+ mcr 2) _|_ a H a «2 e 27ri(-no-i-m<T2) 

71 772 77. 771 

+ 5 i2ii cos2TTla 24 (o i l n Q i l m e 2nii+nai+ma3) + &l n rfl m e 27vi(+nai -' ma3) 

'^—n —m ' —n —m 

+ S i2i " cos2^/a 23 (a^a^e 2 ™^ 1 ^^ + a!V- m e 2 ™ (+nai ~ m<74) 

q,«4 e 27ri(-no-i+m<T4) _|_ ^ii Q !4 e 27ri(-ncri -mo-4 

77. 777. 77. 777. 

+ S ili4 cos2^/ai4 (o i l n a i l m e 2wii+n(72+mcT3) + a! n a\e 2n(+nff2 - mff3) 

+a* 2 a* 3 e 27Ti (- ncr 2+ma 3 ) _|_ a i 2 a «3 e 27rj(-no-2-mo- 3 ) 

+ 5 i2i4 cos27r/a 24 (ai 1 n a!_ 3 m e 2 "( +n<T1+m,T3 ) + a\a% l e^ i{+nui - ma ^ 

+a iL a* 3 e 27ri (- no "i+ mo "3) _|_ a h a *3 e 27ri(-no-i-mo- 3 ) 

+ <^ 2 cos2^/ai 2 (a! 3 n a! 4 m e 2 ^( +nCT3+m,J4 ) + a ! i n a\e 2n ( +M3 - mff4 > 

_j_ a *3 q,«4 e 27ri(-no-3+m<T 4 ) _|_ ^13 a «4 g27rj (-ncr 3 -mcr 4 



A™ i4 ((7l, (72, (73,(74) = ^ — — — ^ J* 1 * 2 (5* 3 * 4 COS llTTLCT \2 COS 27T?7l(734 

n,m>0 ^ 

+ ^^M* 2 * 4 cos 27rncri3 cos 2imia 2 ± + <f li4 <f 2 * 3 cos 27rno- i4 cos 27rmcr 2 3 
Worldsheet fermion 



ri,r 2 >0 



£ 2 °>, a) = 4 (^° ri ^ r2 e 2m ( ri+r2 ) ,J + #-r 1 V'-r 2 e 2 ™ { ~ ri+r2)<T 



#° ri C r2 e 2 ^ (ri - r2)<T + V- ri ^ r2 e 2m{ - ri - r2)CT ) 



73^ 2 (a, a) = (-4) (ft-r 1 4> i -r 2 e 2m(ri+r2)a + i^\^% 2 e 2m( - n+r2)a 

ri,r2>0 

+ i^ ri 4>% 2 e 2wi ^~ r ^ a - V!! ri Vi 2 r2 e 2m( - ri - r2),T ) 
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B^ j (a 1 a 1 ,a 2 ,(J2) = ^ 16 j 

ri,r2,r s ,r-4>0 

4>. ri 4>U- 2 rs $_ r4 e 2ni{ (+ri +r2)ai +(+rs+r4)<T2 } 

+ #^ 1 ^i r2 ^° r3 V'i r4 e 2 ^ {(+ri+r2) ' T1+{+r3 " r4),T2} 
-#° ri ^ r2 V'-r3^- r4 e 2 ^ {(+ri+r2)<Tl+( " r3+r4),T2} 
+ ^^ 1 ^ r2 ^ r3 ^_ r4 e 2 ^ {(+ri - r2)CTl+(+r3+r4)CT2} 

-#^ 1 ^r 2 V'-r3V ;j -r4e 2 ^ {( " ri+r2)<Tl+{+r3+r4),T2} 

+ ^ ri ^ r2 V_ r3 V'i r4 e 2 ^ {(+ri+r2)<T1+{ ~ r3 " r4),T2} 

- ^ ri ^ r2 ^ r3 V J _ r4 e 2 ^ {(+ri - r2)CTl+(+r3 - r4),T2} 

+ V-r^ir^-ra^-r.e 2 ^^" 7 ' 1 ^ 2 ^ 14 "^" 3 "" 4 ^ 21 

+ ^° ri vi r2 V'- r3 v ; i r4 e 2 ^ {(+ri - r2)<Ti+{ - r3+r4),T2} 

- V-r^-r^-ra^r.e 2 ^^"^^ 2 ^^^" 3 ^ 4 ^ 21 
+ V-r 1 ^r 2 V'-r3V ; -r 4 e 2 ^ {( " ri " r2)<Tl+{+r3+r4),T2} 

+ ^° ri ^ r2 V'- r 3V'i r4 e 2 ^ {(+ri - r2)<Ti+{ - r3 - r4),T2} 

--#- ri ^ r2 V'- r 3V'i r4 e 2 ^ {( " ri+r2)CT1+{ " r3 " r4),T2} 

+ #-r 1 ^r 2 V'-r3V' J - r4 e 2 ^ {( - ri - r2)<T1+{+r3 * r4),T2} 
"#-r 1 ^r 2 V'-r3V ;j -r 4 e 2 ^ {( " ri ~ r2)<Tl+{_r3+r4),T2} 
+ V°r 1 ^r 2 V'-r3V' J -r 4 e 2 ^ {( " ri ~ r2)CTl+(_r3_r4),T2} } 



b a% j ( a i a i > °2 1 °2 ) = ^ — - sin 27rtfJi2 j 

(^° r ^° s e 2 ™ (r,Tl+s,T2) - iip _ r ip°„ s e 27Ti< - rai - sa2) 

-^ _ r ^°_ s e 2ni( -- rai+sa2) - ^_ r ^_ s e 2ni{ -- rai - sa2) 
- {i)l r ^ j _ s e 2ni{ - r(T1+S(T2) +ii)l r ^ j _ s e 2ni{ - rcT1 - S(T2) 

+ii) i _ r i) j _ s e 2 ' Ki{ - rcT1+SCT2) - i) i _ r i) j _ s e 2 ' Ki{ - rcT1 - S(72) 



16 

(ai,ai,a2,<J 2 ) = ^ — 5 lj sin 2it raisin 2irs a i 2 



r,s>0 
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B%i k ((Tl,<Tl, (72,02) = ^2 16| 
ri,r2,r 3 ,r 4 >0 



a 27ri{(+ri+r 2 )o-i+(+r 3 +r 4 )<T 2 )} 



2-ni{ 
3 2ni{ 
2ni{ 



T\ ' ' T3 ^*4 

+ V^^^V^e 2 ^ 



k g27rj{ 



+ V-r 1 V ; -r 2 V'-r3^-r4 e 
-^ ri ^ r2 ^- r3 ^-r4 e2m{ 

+ #° ri ^ r2 V J _ r3 ^ r4 e 2m{ 

2™{ 



+ V ; -r 1 V'-r 2 V'-r 3 V , -r 4 ^ 



+ri+r 2 )cri + 
+ri+r 2 )cr 1 + 



+ri-r 2 )CT 1 + (+r3+r 4 )CT 2 )} 
-ri+r 2 )<Ti + (+r3+r 4 )<T 2 )} 



+ri+r 2 )cri + 
+ri-r 2 )cr 1 + 
-ri+r 2 )cr 1 + 
+ri-r 2 )cri + 
-ri+r 2 )cri + 
-ri-r 2 )cr 1 + 
+ri-r 2 )cri + 
-ri+r 2 )<ri + 
-ri-r 2 )cri + 
-ri-r 2 )cr 1 + 
~r 1 -r 2 )a 1 + 



+r3-r 4 )cr 2 )} 
-r 3 +r 4 )CT 2 )} 



-r3-r 4 )<T2)} 
+^3-»*4)o- 2 )} 
+r 3 -r 4 )<r 2 )} 
-r3+r 4 )<T2)} 
-r 3 +r 4 )(T 2 )} 
+r3+r 4 )cr 2 )} 
-r3-r 4 )<r 2 )} 
-r3-r 4 )cr 2 )} 
+r3-r 4 )<r 2 )} 
-r 3 +r 4 )(T 2 )} 

-» , 3-'*4)o-2)}| 



£4^(01, oi, 2 , 2 ) = ^ — sm2vrt0i 2 | 

r,s,t>0 ^ 

<f j (^° r ^ s e 2 ™ (r,T1+s<T2) +#° r ^ s e 2 ^ (r,T1 - s,T2) 



<f fc (^° r ^i s e 2 ^ (r,T1+s,T2) +#° r V>i s e 2 ^ (r,T1 - s,T2) 

-iV'-rV'- s e 2 " (_r,T1+s<T2) + Vr^e 2 ^ ( - rCT1 ^ s,T2) 



#4O fe (01,01,02,02) = 
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B5 i r 3l4 (a 1 ,a 1 ,c7 2 ,c7 2 ) 



'4,4 



ri,r2,r 3 ,r4>0 



<2 ,/>3 e 27rj{(+ri+r2)CTi+(+r 3 +r4)o-2)} 



~,h „/,»2 „7,«3 ,7,«4 p 27rj{(+ri-r 2 )o-i + 
-r 4 



«4 2ni{(+ri+r2)cr 1 + 
«4 e 27ri{(+ri+r2)cri + 



",«4 e 27ri{(-ri+r2)cri + 
U 2Tri{(+r 1 +r 2 )a 1 + 

ri T—r-2 f — r 3 V — T4 C 

- ^L 1 ri ^L a ra ^!! rs V'!? r4 e 2,r/{( -'' 1+ '- , ' TJ + 

- ^!! n Vi 2 r ,V'- 3 r ^- 4 ^e 2 ^ {(+ri " r2) ' T1+ 



-ri r2 ' 7-3 ^—r4 
3 

-f"3 



•4 e 



^ n ^ 2 r2 r3 ft 4 - 2 ™ { ( - ri +r2)CTi + 

«4 „27rj{(-ri-r2)cri + 



',*3 



= 27ri{(4-ri-r2)iTi + 



«4 p 27ri{(-ri+r2)<ri + 
•4 e 



-ri ^— r2 r — 7-3 V — r4 
-1^%^%^%^%^'^ J) " J + 

- iip\ *p% 2 r3 *p% 4 e 2 ™ { ( " ri - r2)ai + 



«4 27ri{ (-1-1-^2)0-! + 

ri f — T2 ^—7-3 V — T4 C 



(+r3— r4)«T2)} 
(_ r3+r4 ) CT2 )} 

(+r3+r4)<r 2 )} 
(+r 3 +r4)<T 2 )} 
(_ r3 _ r4 ) CT2 )} 

(+r 3 -r 4 )(T2)} 
(+r3-r 4 )CT 2 )} 
(-r3+r 4 )<T 2 )} 
(-r3+r 4 )<T 2 )} 
(+r3+r4)<r 2 )} 
(-r 3 -r4)<T 2 )} 
(-r 3 -r4)<T 2 )} 

(+r-3 -7-4)0-2)} 
(_ r3 _l_ r4 ) (T2 )}. 

(-r-3-r-4)o- 2 )}| 



B*;* ai3i *((7i, < 7i, ( 72,<T2)= E — sin27rta 12 { 



r,s,t>0 



-5* li3 (^ 2 r ^!_ 4 s e 2 ™ (r<Tl+s<T2) + ^!_ 2 r V> 



«4 „27ri (r a\ — S(7 2 ) 



*2 7«4 27ri(-r<Ti+S(T 2 ) 



^^4 e 27ri(-r-ai- S a 2 ) 



+ -5 i2i4 ^!_ 1 r V'-se 2 ^ (r,T1+SCT2) + i?p%ifj%e 27Ti< - rai - sa2) 

+i^%4>2 s e 27Ti{ - rai+sa2) 
- 5 hi4 (^%ip%e 2ni< - rai+sa2) + i^ i2 r ip^ s e 2ni< - rai - sa2) 



00 e 2xi(-m-*n) 



- 5 i2 



+i0 r s e 27Ti{ - rai+sa2) - 00 e 2 ^-™ 1 '™ 2 ^ 



«4 2Tri(r<Ji+s<T2) 



1 lii 2m(ro\-scj2) 



+i0 r s e 27Ti( -- rai+sa2) 



00e 27ri( - rai ~ S(72 ^} 



16 



^™(ai,(7i,(7 2 ,(7 2 ) = — (5 l ^5 l2i * - 5 l ^5 i2U )sm2irra 12S m2Trsa 12 

r,s>0 9 
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B. Details of proof of BRST invariance 



Detailed calculations omitted in the proof of BRST invariance of the boundary state are 
shown in this appendix. First we show detailed computations of ( 3.23| ), 



2k 



da cU^dX^ia 

2lT /•CT n _l 



da / da n c(a)n i (a n )[U (a),^(± (a n ))}d a X°f(a n ) 
Jo 



Jo 

r2n rtJn-l 

+ da da n c(a)U(a)[d a X i (a),ifl j (a n )MX°(a n ))f(a n ) 
Jo Jo 

r2w 



+ 



da n iILi&(X»(a n )) 



o 



da cU^dX^(a)J(a n ) 



o 



By using the commutation relation [X^(a),Ylv(a')\ = i5(a — a')r]^ u this can be rewritten 

as 

-i{-i)r, m da da n c{a)tl i {a n )5{a-a n )^{X\a n ))d a X\a)f{a n ) 
Jo Jo 

(■2-n r<J n -i 

+ i 2 da da n c(a)U i (a)d <7 8(a-a n )^{X°(a D ))f(a n ) 



+ 



Jo Jo 



danitii&iX^an)) 







2tt 



da cn fM dX^(a)J(a r , 



o 



Integrating over a in the first and the second line 

da n cfli&(X )dX (a n )f(a n ) 











H- / da n d(m)$(X°){a n )f(a n ) 

da n c{2TT)tli(27:)5{2TT - a n )${X\a n ))f{a n ) 

C n -1 

da n c(0)fl t (0)S(a n )^(X°(a n ))f(a n ) 



+ 



+ 



da n illi&iX^an)) 



277 



da m„dX»(a),f(a n ) 



We can collect the first and second line by using d [cll&j (a n ). Taking account that the 
region of integration J n_1 dcr n in the fourth line includes a point a n = 0, however, not 
necessarily a n = 2ir, we have 

da n d (cf[*) {a n )f{a n ) 



C n -1 



da n c(2TT)U l (2TT)5(a n - 27r)$(X° (a n ))f(a n ) 



+ 



o 

cfl*(X°)(0)/(0) 

da n ifli&{X°{a n )) 



o 



2rr 



da cU fl dX^(a),f(a ri 
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Integrate by part in the first line to have 



cn*(<r n _i)/(<7 n _i) - cfi*(0)/(0) 



da n cfl&{a n )d an f{a n ) 



da n c(2 7 r)n i (2 7 r)<5(a n - 2tt)*(1V«))/(0 



o 



(B.l) 



+ cn*(x u )(o)/(o) 

+ / da n %ni&(X°(a n )) 
Jo 



2 71 



da cU^dX^a),f(a r . 



The second term in the first line and the fourth line cancel out each other. Finally we get 



da cU a dX^(a), / da n iUi^(X")(a n )f(a n ) 
o J o 

cn*(cx„„i)/(cj n _i) 



da n cfl&(a n )d an f(a n ) 

'dan c(2w)fLi(2Tr)5(a n - 2-a)*{X Q {a n ))f{a n ) 



da n in*(cT n ) 



2tt 



da cU^dX^f(a n ) 



Next we confirm that ( 3,22| ) is satisfied for n = 1 and n = 2 to complete the inductive 
method. 



n = 1 

From (13^21 ) we have 



27T /-27T 

d<7 cft^X", / dat ifl i ^ i (a 1 )f(a 1 ) 

o 

cn*(27r)5/(2vr) 

f-2-K 

dai cfl<f>(ai)df(ai) 



cn*(X)(2vr)/(2vr) 



f2- 



/ dai Hl&(a\) 



2- 



da cU n dX^f(a 1 ) 



2- 



da\ cfl<&(ai)df(ai) 



o 



2- 



+ / dai m&{ai) 
Jo 



2- 



da cU n dX^f(a 1 ) 
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n = 2 



We set /Oi) = £ 1 da 1 ifl^(a2)g(a 2 ) in (|3T23| ) to have 



2;r 



2tt 



da cU^X", / dai ini* l (ai) / da 2 iU i ^(a 2 )g(a 2 ) 



2- 



2- 



+ / dcri iII*((Ti 



2- 



<i<7i in*(cri 



2- 



(icri in*(cri 



2- 



2- 



i-2-k 

/ a 



if[*(<7i) 5f(cr n ) 
cn*(ai) #(cr n ) 

d(T2 cIi$>(o 2 )d a2 g{(j 2 ) 

da 2 c(27T)Ui(27T)5(a 2 - 2Tr)&(X (a 2 ))d a2 g(a 2 ) 



da 2 ifiQ(cr 2 )d 



2- 



d<7 cII9X(cr), g(a. 



n+l, 



da 2 cfl&(cr 2 )d a2 g(a 2 ) 



da 2 itl$>(a 2 ) 



2tt 



da cTLdX(a),g(a n+1/ 



Here we have used 



2- 



d<7 1 in*(cri) / d(T2 c(2^)n i (27r)5(a 2 - 2Tr)^(X°(a 2 ))d a2 g(a 2 ) 



2- 



dai in*(ai)^(<ri - 27r)cII*(27r)dc/(27r) = 0. 



C. Closed string coupling of multiple DO-branes 

The results of calculations of couplings of multiple DO-branes to massless closed strings 
derived from disk amplitudes || , Matrix theory potential (7|, ||, [9| , and non-Abelian DBI 
action [10] are coincides: 

mt,k) = T Str 

I%°(t,k) =T Str 
I°%k)=T Str 
tf{t,k) =T Str 
rOi 



1. 



1 + -X*X 4 - , 

2 4(27ra') 



XM e ifcX 



4(Wp[ X ' X ^ X ' XJ ] 

^[X*,X^][X\X^e ifcX 



I^(t,k) = T Str 



r: 5 (i,fc) = T str 



X*X l - -[X\X^][X\X^] ) e ifcX 



7 [X\X^ e ifcX 



(C.l) 



27ra 
— i 
2ira 
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up to order a' . In the case of bosonic string, the results obtained from the disk amplitudes 
H are 



T 00 (t,k l ) 



2a 



/2 .1 



T 0i (t,k l ) = — I da tr 
9 Jo 

7*3^,1?) = -2 f da tr 
Jo 



a' 



9 2 Jo 
i fi 



da tr 



e i{1 - a)k *ikXe lr7k *ikX 



cos 2ira 



2a 



l2 



-tr 



jfcX 



e- 2 ™ + %v 



a' 



Xi ifcX 
e 



(C.2) 



-2wia 



D. Non-Abelian extension of boundary state 

In this appendix we review a boundary state of a single D-brane and consider their extension 
to multiple D-branes in order to see the reason why we think the formulas Q3.1| ) for non- 
Abelian boundary state presented in is correct. A boundary state of a D-brane is defined 
by a state which reproduces the correct disk amplitude with one closed string. An effect 
of open string fields on a D-brane is accounted for by introducing the Wilson loop factor. 
The boundary state including the effect of open string background fields describes closed 
string emission via open strings on the D-brane. In the basis of these studies, we consider 
non-Abelian extension of boundary states. 

effects 



In section D.l we review a boundary state of a single D-brane. In section 
of gauge and scalar fields on a single D-brane is incorporated into the boundary state by 



using the Wilson loop factor. In section D.3 the non-Abelian extension is considered 



D.l Boundary state of single D-brane 

A Dp-brane is a hypersurface on which open strings have their endpoints. An open string 
with the endpoints at a = on Dp-brane satisfies the Neumann boundary conditions 



d n X a 



,r, a 



0) = 



0,1, 



,p 



along the longitudinal directions to the brane, and Dirichlet boundary conditions 



X i (r,a = 0)=e 



P+l, 



D-l. 



(D.la) 



(D.lb) 



along the transverse directions to the brane. Here X^(p = 0, ••• ,D — 1) is a string 
coordinate, (r, a) is a worldsheet coordinate, is the position of D-brane along the Dirichlet 
directions, and D is the dimension of the spacetime, namely D = 26 in case of bosonic 
string and D = 10 in case of superstring. A cylindrical worldsheet of which boundary 
attaches to a D-brane can be seen as the one-loop diagram of open strings. By exchanging 
the worldsheet coordinate r and a, such a worldsheet can be considered as the tree diagram 
of a closed string created by the D-brane as illustrated in figure ||. Therefore we can say 
D-branes act as a source of closed strings. These two descriptions are equivalent due to 
the conformal invariance of string theory. 
Consider a conformal transformation 



C = a + it 



-K 



t — ia. 
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After a conversion a 
dinates: 



Figure 4: Open channel and closed channel 

—a, the transformation becomes exchange of the worldsheet coor- 
a <-> t. (D.2) 



This transformation leads us from the open string channel to the closed string channel. In 
terms of closed strings, the boundary conditions ( D.la| ) and ( p.lb| ) can be expressed by 



d T X a (a,T = 0)| Dp) = 
X\a,r = 0)\Dp)=C 



(D.3) 



where \Dp), a boundary state, is a closed string state into which the effect of boundary is 
incorporated @. We can say that \Dp) is the eigenstate of IT a (a) and X l (a) defined by 



n» 



i 



7 d T X(a,T = 0) 



2na 

X l (a) =X l (a,T = 0) 



In other words 



\Dp) = \U a (a)=0,X\a)=e). 
where \U a (a) , X 1 (a)) is defined by the eigenstates of IP (a) , X 1 (a) 

tl a {a)\U a (a)) =U(a) a \U a {a)) 
X i {c)\X\o))=X\o)\X i {o)). 

Therefore we can express the boundary state by using a functional integral 

\Dp)= fvX a (a)\X a (a),X i {a)=C). 



(D.4) 



(D.5) 



This represents that \Dp) is superposition of closed strings with various shape of the loop 
on the D-brane. Recall that he string embedding function X l (o) represents spacetime 
coordinate of a closed string at the boundary r = 0. 

The worldsheet bosonic field X^(cr, t) can be expanded in oscillators as 
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Substituting this expansion, ( D.3 ) becomes 



(a a n + a a _ n )\Dp) = 
(a* - al n )\Dp) =0 
p a \Dp) = 
x l \Dp) = C- 



(D.6) 
(D.7) 



The solution to these conditions can be found by utilizing coherent states for the harmonic 
oscillator. The mode operators satisfy the following commutation relations: 



(others) 



m6 m +n,o r rr 



IT) 




We define 



a 



The operators defined in this way satisfy 



not 



na 



n > 



l (jj.,n,ri)> a \/j,',n',r]') 



<W<W<W' a (/i,n,r;)|0) = 0. 



where 77,7/' = =t. Therefore we have a series of creation and annihilation operators of 
the harmonic oscillator labeled by (u, m, rj). By using these operators we can rewrite the 
conditions (p.6f) as 



(D.J 



a(n,a,+)|-Dp) = -0(„ )0) _)|-Dp) 

a(n,i,+)\Dp) = aJ nA _j|Dp) 
a ( n,a,-)l^) = -a{ nta)+) |£>p) 
a( n ,i-)|-Dp) = of nA+ j|J3p) n>0. 

The coherent state of harmonic oscillator is defined by 



e za '\0). 



We introduce a operation which shift a by z: 

a(z) 



By using this equation, we can see the coherent state is an eigenstate of the annihilation 
operator a. In fact 



a\z) 



e za ' e~ za ' ae za ' |0> = e za (a + z)|0) = z\z). 
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Hence the solution to (|D.3|) , or equivalently (|D.7|) and ( p.8| ) , is 

{ p oo 
-^2^2 a \a,n,+) a \a,n-) + > ] > >}*.n.-40°rt.«.-1 ^ 1°) 
a=0 n=l 

= f P (x,p) exp J - -a a _ n Vaba b _ n + ^ -a< l _ n <%ai n I 

I n>0 n n>0 n J 



D-l oo 

+ X/ a (i,n,+) a (i,n,-) 
i=p+l n=l 



The boundary condition (D.7) determines the function N(x) so that 

f p (x,p) = NpSix') 



where N p is a normalization constant which will be determined later (see equation ( D.29| )), 
After all \Dp) is given by 



\Dp) = iV p exp | - Y, \^- n S^ v _ n \ 5(^)|0) 



n>0 



(D.9) 



5^ = ^,-^) 



We extract an operator which creates the boundary state out of the vacuum: 

V = N p exp 

This is the same operator as that deduced by factorization of open string loop amplitudes 



n>0 J 



| 32| , |33| , p4|1 . The generalization to the Dirichlet boundary conditions is studied in |16|. 





Figure 5: Disk with a closed string vertex Figure 6: Emission (absorption) of a closed 

string from (into) a D-brane 

The boundary state gives a disk amplitude with a closed string vertex (see figure |5|), 
or equivalently tree amplitude of a closed string which appears out of (annihilates into) 
the D-brane (see figure ^). In what follows, we will find the boundary state |l?)which 
reproduces the disk amplitude with a single closed string vertex for an arbitrary state 

(V^)disk = <*|S). (D.10) 
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First we consider a harmonic oscillator with frequency u and unite mass. The action of 
this oscillator is 

T /i . i 

1 ; '-^2 i A , ,2 i/ + \2 



The normalized eigenfunction with an occupation number n in position space is given by 

M*) = {^y /4 2' n/2 (n\) l/2 H n (uj l/2 x)e~ UJx2/2 n = 0,l,--- 

where H n (x) is the Hermite polynomial. We look for an operator V(at,So) which satisfy 

fdx u n (x)e- Solx] = -^(0\a n V(a\S )\0). (D.ll) 
J yn\ 

Here So [0(0) = q] is a boundary action at t = which serve to impose the Neumann 
boundary condition 

0(0) = 0. 

We operate X^nio ^TT 2 ™ on both sides of ( p.ll| ). Using the generating function of Hermite 
polynomial, the left hand side gives 

n=0 * 

The right hand side becomes 



oo 1 

J2^(0\a n V(a\S )\0) = (0\a za V (at , 5 )|0) 

n=0 

= F(z,S ) 

This can be seen by utilizing a relation 



e *° a t e -*a = a f + z. 



Therefore the operation of X^lo on ( P •-*-■*- ) gives 

V(z, So) = (^) jdq exp j-S[g] - ^g 2 + (2u) l / 2 qz - ^ 
After all we find the operator V is given by 

VV,So) = (^) 1/4 Jdq exp|-%]-^ 2 + (2u;) 1 /Vg-i(at) 2 |. (D.12) 
We change the variable so that q = (2u)^ 1 ^ 2 x, then ( p.12 ) becomes 



V (at, Sb) = (47TW)- 1 / 4 Jdx exp |-S[x] - ^ 



x 2 + a)x - -(a)) 2 
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It can be shown that the eigenstate of + a = 0(0) with the eigenvalue x is given by 

\ x ) = (2^)- 1 / 4 exp|-ix 2 + xa t - t^) 2 } |0>. 
In fact the following relation holds: 

(a + a )\x) = x\x). 

Using \x) defined in this way, ( D.12| ) operating on the vacuum can be rewritten as 



\B) = V(a\S )\0) = (2tor 1/4 dx e~ So[x] \x). 



By utilizing this operator we rewrite a functional integral 

I = y^(t)exp jTtft [4>(tf +ui 2 4>(t) 2 ) - Soim] ~ St[HT)} 
With insertion of 

(dx (5(^(0) -x) fdy 5(0(T) - y) 



(D.13) 



we can rewrite / by using standard methods for the path integral: 

oo „ „ 

/ = ^ e -K|M dx e S°lx} Un ( x ) dy e~ ST ^u n {y) 

n=0 J ^ 

= (0\V(a, 5 T )e-^ (ata+ 5)y(a t , 5 )|0). 
This indicates the factorization of two boundaries. 

We will extend these formulas to the bosonic string theory. We consider a scalar field 
X^ (r, a) on a worldsheet with the coordinate region 

< cr < 2vr, 0<t<T=-loge. 

This region is considered with Euclidean signature by taking t = it. On the complex plane 
of z = e~^~ la \ this region corresponds 

e < \z\ < 1. 

The worldsheet field X^(t, a) is expanded as 



n>0 



e(r) + Y J ^ J (C(T)e- mCT + C(r)e™ 



(D.14) 
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. 



Figure 7: Map between disk and rectangle 



Here ip£(r), ^n(r) and £^(t) relate to x M ,p M ,an and a„ through 

Mr) 



<(r) 



a^e" mr - a^ n e mr ) 



li c -inT _ ~U mr 



V2 



la-e 



)• 



It is convenient to introduce an, a^i n ,an and af J i n such that 



= 


-iy/na^ 


<— ► 


< = 


1 M 

a 


a = 




<— ► 


a -n = 


* i" 

OL 


~u 

OL = 


—i\Jna p ^ l 


<— ► 


< = 


* ~M 


a = 




•<— > 


~u 

a -n = 


a 



n > 0. 

These creation and annihilation operators introduced in this way satisfy 

Ki<4] = V^Sn+mfl, «) f = a-n 

By using these operators, ifrnij) and tpn can be rewritten as 

1 



Vn(r) 
k(r) 



2n 
1 



{a^e- inT + at n e inT ) ■ 



Substituting ( D.14 ), the action becomes 
1 



5 



(it < 



u Jo ^ 

n=l /Lt=0 \ y 



where D is the dimension of spacetime, and t = it. The first term gives p 2 , hence does 
not affect the operator V. We can see that there are 2D real oscillators for each frequency 
u = n = 1, 2, ■ ■ ■ . Decompose ipn(r) an d ^n(j) into real and imaginary parts: 



k(T) = j\(r n {T)-iTn(T)) 



where <t>n( T ) an d Xu^clu) are real fields expressed as 



/2n V y/2i V2i 



Now we calculate the corresponding terms of (D.12) in the string theory: 

oo D-l 



2 " 2 

n=l /x=0 



oo D-l 
n=l /i=0 



f* I "A 1 A 1 ~^ " 

fjt a -n ' a -n , fj, a -n _ a ~n 



oo D-l 

EEn 1/2 

n=l fi=0 
oo D-l 



n=l /i=0 



oo D-l 

n=l /x=0 
oo D-l 

n=l /j=0 



a1 n + a1 n \ ( a1 n -a1 n 



V2 



V2i 



1 i a 

O -no 

n=l 
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We change the variables so that ipn = (2n) 1 / 2 Xn,'4>n = (2n) l ' 2 Xn- After this variable 
change, the operator ( D.12j ) becomes 



,n=l 



exp j -S K,x£,9l 

oo D-l 

+ ^ ] ^ ] ( — x n x n a -n x n ^-n x n ~ a -n^-n) 
n=l fi=0 

We can rewrite this formula in a simple form by introducing notations 

oo D-l 

(y\x) = ^2^2 V{ 



(D.17) 



in n 



\x, x) = exp < — + (a^|x) + {a)\x) — {a)\a)) 1 |0) 



VxVx=\\ dx£ K- 

n=l J J 



Using these notations, the boundary state created by operating ( D.17] ) on the vacuum is 
expressed as 

\B[S]) = JvxVxexp{-S[x,x,q]}\x,x). (D.18) 

Here we have neglected the overall factor. It can be shown || that \x,x) is the eigenstate 
of x 1 ^ = (2rt)~ 1/2 V#(0) and xg = (2n)- 1 / 2 ^(0) and p^: 



x m \x, x) (o n + a_ n )\x, x) x n \x, x) 
p^\x, x) = 



x'ila;, x) — (ag + a^„)|x, x) — x^\x, x) 



In order to show the first equal in each line, we have used ( p.16 ). By utilizing an relation 

io> = Jvm, e\o=e\t). 

we can express the eigenstate \x,x) by 

\x,x) = Jv£\x,x,g). 
Hence the boundary state ( p,18 ) becomes 

\B[S]) = JvxVxV£exp{-S[x,x,£]}\x,x,0 

'T>xVxT>£\x,x,{,) (D-19) 



exp j — S 
exp j — 5* 



x, x, q 
x, x, q 



}\B[S = 0]). 
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In terms of Xn and Xn, the worldsheet field ( D.14j ) at the boundary becomes 

X^a) = X»(t = 0,a) = e + J2\[f fa'™ + • (D.20) 

Therefore we can see that \x,x, £) is the eigenstate of X M (<r): 
X»(a)\x,x,0 =X»{a)\x,x,t) 

X»{a) =^ + J2^ {x%e- ina + x%e ina ) . 

n>0 

This means that \x,x,£ is identical to \X^(a)) which defined by the eigenstate of X^{a) 
in (D.4). Considering this fact, we introduce the following notations: 

\X^a)) = \x,x,0 
JvX^ia) = jvxViVi 

These satisfy a relation 

|lp(<r) = 0) = JvX^{a)\X^{a)). 
By using X^(a) and IP(<7), the boundary state (|D.19|) becomes 

\B[S}}= jvX^i^e-^^X^ia)) 
= e s[x^)]\ Dp) , 
where 

\Dp) = \B[S = 0]) = VX^{a)\X^{a)) = IIP (a) = 0). 
Note that the boundary condition 

lP{a)\Dp) = J-jd T X»(T = 0,a)\Dp) = 

represents the Neumann boundary conditions ( |D.3| ). 

In the case of a single D-brane without open string background fields, the boundary 
action is 

S = 0. 

In this case, ( D. 17] ) can be calculated by using the Gaussian integral. We evaluate n~ D l 2 
in the overall factor by zeta-function regularization: 

iogfn-- D/2 )=slff;(^ D/2 ) s ) 



(D.21) 



\n=l / \n=l 



C(0)logx + ^DC'(0) 
--logx- iz?log27r 



CO 



\\n- D ' 2 = {2t:)- d I\ 



n=l 
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In this way the overall factor can be regularize. Here we do not determine the overall 
normalization, which will be given later in ( p.29|) . We do the Gaussian integral, and then 
we have 



V = N p explYl 
ln>0 



a -n®-n 



By substituting ( D.15 ) into this, we find that the boundary state is given by 

\B) = V\0) 



eXP ) -^2- a - n a-n f I }" 
I n>0 H ) 



(D.22) 



This result is identical to ( |D.9| ) for the Neumann directions. The extension to the Dirichlet 
directions was considered in |l6|, |35| . 

By using the operator V, we can express the functional integral I, which represents the 
cylinder amplitude as illustrated in figure ||. In ( D.13| ) , the corresponding term to uja)a + \ 
in the string theory is 



wo 



^ oo D-l 

a + 2^J2^2 n ( a -n a n + «-n 5 n) - 2a 

n=l fi=0 
oo D-l 

n=l fj,=0 

a = 1 comes from the vacuum energy. Lq and Lq are the Virasoro generators given by 

, oo 



n=l 

oo 



n=l 



Note that p\B) = for Neumann directions. Thus the functional integral (D.13) becomes 

I=(B\e-( L ° +i °-V T \B). 
This result factorizes into two boundaries with appropriate weight (M^) _1 : 

/-^(BI^HM!)- 1 ^). 



where ^ represents a closed string state ffl. 



The normalization constant N p is determined by comparing the cylinder amplitude of 
closed channel with that of open channel. The amplitude of a cylinder stretched between 
two parallel Dp-branes is 

Closed = (Dp\A\Dp) (D.23) 
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Figure 8: Cylinder stretched between two D-branes 



where \Dp) is given by (p,9|): 



\Dp) =iV p exp J -^5>-n^«-n I 1,5(^)0). 

I " n>0 J 



We place the second D-bane at = £\ Hence (.Dp| is given by 



(Dp\ = N p (0\5(x l - C) exp <V< | • 

I n n>0 J 



A is the closed string propagator which is given by 



Take care that we should integrate over the modulus I = — log p of the cylinder. A phys- 
ical state is annihilated by Lq — Lq. Therefore we can modify the propagator so that it 
propagates only physical states: 



A = — [dp [ W — /o+Io-3 e ^(Lo-£o), 

2 Jo Jo 27r 



After the change of variable z = pe 1 ^, the closed string propagator is 



4?r J\z\<i \A 
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We define d± = D — p — 1 . The zero mode part in ( D,23| ) becomes 

d 2 Z 



47T 



■(p 1 * = 0\6(x l - C)\z\~ P K&W = °) 



a 



d 2 z f dk % f dk 



4vr J| Z |<! \z\* J (2vr)^ J ( 27r ) 



_(y = 0|(e ife * (£i - $i) |z|^ V fe ^)|p" = 0) 



a 



d 2 z f dk { 



dk! 



V P+ i(N } 



4vr J\ z \<x \z\ 4 J (2vr) d i 7 (2vr) d -L 

= 0,^ = -^|(e-^ f >|^ 2 )|p a = 0,?* = fe* 
d 2 z f dk 1 



a 



-e rK \z\ 2 K i . 



4VT J ]z] <t |# 7 (27TJP+ 1 

where we have used 

(k^k'' 1 } = (2vr)P +1 ,5 p+1 (A; i - jf*), V p+1 (27r) p+1 5 p+1 {0). 
Performing the Gaussian integral, the zero mode part gives 



47T 



\z\ = e 



The oscillator part in (D.23) gives 

d 2 z 



l\z\<l \ z \ 

Here we have introduced 



OL— n OL Ti 



n>0 n>0 

These operators satisfy the following relations: 

z N e &-n z -N = ( £- n z" z N e a. n --N = e a- n - Z ™ n ^ Q. 



By using these relations, ( p. 25 ) becomes 



<\z\<i M 4 ' 

Contracting oscillators in this equation, we have 



AH 

n=x x ' 



\2n 



D-2 



(D.24) 



(D.25) 



(D.26) 



The extra power (—2) comes from contributions of the ghost fields [jl7|]. However, we omit 
detailed calculations of the contractions. 
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We change integral variables so that 

|2| = e -7rf d 2 z = -7re- 2nt dtdip. 



Multiplying the zero mode part ( D,24| ) and the oscillator part ( p.26 ), the cylinder ampli 
tude A closcd in ( p.23[) gives 



Closed = (N p fV p+ A2^aT d - /2 I dt t-^/V^l (/i(e^)- 24 ) 
1 Jo 

oo 

/l(9) = ^II( 1 -« 2n )- 

n=l 

In order to compare this amplitude with that obtained in open channel, we perform change 
of modulus t = i. After this change, Closed becomes 

Closed = {N p fV p+1 ^{2^aT d - /2 jH^ r 12 -^e-^ (^(e^)" 24 ) . (D.27) 

On the other hand, the same amplitude is obtained from the viewpoint of open string 
one- loop calculations: 

A open = F P+1 (8W)-^ jH^ r^-^e-^ ( /l(e -7)-*) . (D . 28) 



These two results ( D.27 ) and ( D.28 ) are identical with the choice of N p such that 



N p = ^, T p = 4^T^^- 2 -?. (D.29) 

Therefore we can see that the boundary state \Dp) reproduces the cylinder amplitude A 
correctly. Here T p represents the tension of Dp-brane. 

To summarize this subsection, we have seen that the boundary state Dp) satisfies the 
boundary condition 

d T X a (a,T = 0)\Dp) =0 a = 0,l,---,p 

X i (a,T = 0)\Dp)=C i = p + l,...,D-l ^ 
and reproduces the correct disk and cylinder amplitudes: 

(v*(fc))diHk = W)\Dp) ( CT ) 



A c io S ed = A | Dp). (|D^ ) 



The boundary state can be considered as superposition of emitted closed strings of various 
shape 

\Dp) = JvX a {a)\X a (a),X i {a)=C). Q 

The BRST invariant formulation and the ghost sector of the boundary state in superstring 
theory was studies in g, ||. We note that the boundary state \Dp) is BRST invariant 
considering the contribution of matter and ghost sectors. This represents the boundary 
state is physical state of closed strings. 



- 70 - 



D.2 Boundary state of single D-brane with Abelian field 

In the previous subsection, we have ignored open strings attached to D-branes. In this 
subsection we will consider a boundary state which includes excitation of massless opens 
strings. In presence of open string excitation on a D-brane, the system is altered as a 
source of closed strings from the D-brane with no excitation. In other words closed strings 
emitted by the D-brane is affected by open string background fields. Therefore we consider 
to construct a boundary state in which the contribution of open string background fields 
is incorporated. A boundary state with an Abelian gauge field was studied by adding a 
Wilson loop factor in |], ]||. In case of constant field strength, the boundary state can be 
calculated explicitly Jl], ||, |l2| . A boundary state with the general gauge field was studied 
in [Q, ||]. An another approach to construct a boundary state with the general open string 
background fields was adopted in pq , |25[| . Less in known about non- Abelian extension, 
which is one of the main theme of this paper. 

An open string couples to a gauge field on a D-brane through the point-like charge at 
its endpoints. In presence of a background Abelian gauge field A a (X l (T)), we should add 
the boundary action at a = 



^boundary = Jdt A a {X \t))8 T X a (t) . 



Note that the argument of the gauge field is the spacetime coordinates X a (t) of open 
string along the Neumann directions. This boundary action leads to the boundary condition 

(d a X a - F ab (X)d T X b )l =0 = a = 0, 1, • • • ,p 

A^L =0 = f i = p+l,...,D-l 

where F ab = d a A b — d b A a is the field strength, and r = it. We translate these conditions 
in closed channel, as ( p.2| ) in the previous subsection. In this way we have the boundary 
conditions for a Dp-brane with background gauge field: 

(d T x a - F ab (x)d a x b )\ r=0 \D P [A]) = 

X\ =0 \Dp[A])=e. 

Here |-Dp[A]) is a boundary state of Dp-brane with a gauge field A a (X(a)). The condition 
along the Neumann directions is modified, and becomes nonlinear in X. Therefore it is 
difficult to solve this condition in general. In case of constant field strength, namely 

F ab (X) = F ab A a {X) = -~F ab X b , (D.31) 

these boundary conditions can be easily solved [jj"7| 1. Substituting the mode expansion 
(|DT4|) , (p^0|) b ecomes 

((1 + F) ab a b n + (1 - F) ab a b _ n )\Dp[A}) = 
(ai-ai n )\Dp[A]) = 
p a \Dp[A}) = 

x i \D P [A]) = e. 
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These are satisfied by the following boundary state: 



\Dp[A\) = - P 



V-det(r/ + F) exp J - £ -a^ n M^a^ n 1 - f 
I n>0 n J 



1 — F 



(D.32) 



We can see that the boundary state of Dp-brane with a gauge field A a reduces to that 
without a gauge field when A a = 0. Explicitly we can show 

\D P [A = 0]) = \Dp). 

The normalization constant can be determined by comparing couplings to closed massless 



closed strings with the DBI action 17]. We will show the extra factor \J — det(r] + F) 
appears later in (|D.38| ). 

In the previous subsection, we have seen that a boundary which includes a boundary 
action S is given by 

\B\S})= fvX^(a)e iS ^^\X^(a)) 

J (D.33) 

= e iS l itfl ^}\Dp). 

which is obtained from ( p.21| ) with the Wick rotation ia — * a. This formula represents that 
the contribution of the boundary action S is accounted for by including a factor ^[X^i?)] 
in the functional integral (D.5). In other words, e^^"^" gives a weight function in the 



functional integral for X^(a). In addition, we can say that the boundary state which 
incorporates the boundary action S is obtained by operating e* 5 ^ M ^ f7 ^ on the boundary 
state \Dp) of Dp-brane. 

We suppose that contribution of open string fields on a D-brane to the boundary state 
is accounted for by choosing the action S , [X(ct)] so that 

S[X»(a)} = Sboundaryt^V)]. 

Here Sb OU ndary i s the boundary term in the open string action as functional, while the 
argument is replaced by the worldsheet field of closed strings at the boundary X(a). This 
is natural from the viewpoint of the modular transformation between open and closed 
channels. In what follows, we concentrate on the gauge field. S in the boundary state 
( |D33|) is 



S[X»(a)} = / da A a (X(a))d a X a {o). (D.34) 
Jo 

Here we have rescaled the gauge so that A a — * A a . The exponential of this action gives 
the Wilson loop operator 

e iS[X»(*)] = exp f • J\ a Aa (X(a))d a X a (a)^ . (D.35) 
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Note that X^(t) is periodic with respect to a, namely X^{cj + 2ir) = X^(a). We define a 
vertex operator of the gauge field A by 

U A (k) = A a (k)d a X a (a)e lkX ^ 

^-^A a (k)d„X a e ikx ^ 
By using this operator, (D.35) can be expressed by 

e iS[xn°)\ =f^(i [da U A (X(a)) 

n=l ^ ^ 



Take the product of n vertex operators U A [X(ai)](i = 1, • • • , n), integrate over the position 
Gi of each vertex on the D-brane, sum up over the the number of vertices n, then we get 
this factor e _s ^ M ( CT ^ . It is worthwhile to note that the boundary state defined in this way, 
namely 

\Dp[A}) = exp ji JdaA a (X(a))daX a (a)^ \Dp), (D.36) 
satisfies the required boundary conditions Q: 

(d T X a - F ab (X)d a X b )\ T=0 \Dp[A]) = 

x\jd p [a\) = e . (L - yj 

This follows from a property [|j 

e ifd*AdaX(a) dT £ a ^ e -ifd*Ad*X(<r) = Q T X a ( a ) - F ab {X {a))8 a X b {a) . 



and the boundary condition ( p.3j ) for | Dp) . 

We consider what amplitude a boundary state containing the boundary action repro- 
duces. The disk amplitude which should be reproduced by the boundary states is 

(V^(fc)e- s bound ary ) disk . ( D .37) 

V^{k) is a closed string vertex of state \& with momentum k, and boundary [A] is the 
boundary action in the string action 

Sboundary^A] =Jd T A a (X( T ) )8 T X a (r) . 

We denote the vertex operator of the gauge field A by 
V A (k) = A a (k)d T X a (r)e tkX ^ 

/dP +1 k - , s • 

^-^A a (k)d T X«e ikX V 

By using this vertex, the exponential of the boundary action action in ( D.37] ) becomes 



o ^boundary [^] — 

n=l 



f)(i fdaV A (X(a)) 
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Take the product of n vertex operators VA[X(rj)](i = 1, • • • , n), integrate over the position 
Ti of each vertex at the boundary, sum up over the the number of vertices n, then we get 
this factor e lSbowadai ^ A ^ . In figure || we illustrate the disk amplitude ( D.37| ) with a closed 
string vertex of h^ u , b^, cj> and two open string vertices of A a , X 1 . 

We illustrate what insertion of Ua and Va indicates. Figure [9| shows the disk amplitude 
with one closed string vertex on the disk and two open string vertices at the boundary. 
Because a boundary of worldsheet should attach to a D-brane, this amplitude corresponds 
to figure Open string vertices at the boundary means strips, and a closed string vertex 
represents a cylinder. Therefore figure 11 is equivalent to figure 11 from the viewpoint 
of worldsheet. Figure |ll] illustrates a process in which one incoming open string splits 
into outgoing one closed string and one open string, or two incoming open strings create 
one closed string. e i S dl ~ u A anc [ e ^ $daV A indicates that we should sum up the number of 
open string vertices, and integrating the position of those vertices at the boundary. Such 
a Wilson loop factor obtained in this way represents the effect of open string background 
fields on closed string emission. The formula ( D-33j ) indicates that open string fields can 
be incorporated into the boundary state by including the Wilson loop factor. 

In the case of constant field strength ( p.31| ), we can calculate the boundary state 
explicitly [Q, |j| . The boundary action is 

S[X»{a)] = ^ J^da F^X»(a)d a X»(a) 

D-l 
n=l fi,v=0 



oo D-l 

EE 



2 Z_v » Hv^n 



~{x\F\x) 



Here we have substituted (p.20| ), and defined (y\f\x) = Ym,m,n,v Unj ^mnKi for f^- From 
(D.17), the boundary state becomes 

\B[A^ = F^X"]) = 

JvxVxexp i.—-(x\F\x) — ~(x\x) + (a^x) + — (a^|a^)l |0). 




Figure 9: Disk with one closed and two open string vertices 





Figure 10: Worldsheet with one closed and 
two open string vertices 



Figure 11: Closed string emission via two 
open strings 



The functional integral is Gaussian, and can be performed to give 

T °° f 1 ) 

\B[A^ = F^X"]) = -£Y[[det(l + F)]" 1 exp i - -a-n»M^a»_ n \ |0) 

n=l I n>0 J 



M, 



l-F 
l + F 



We use the zeta function regularization to evaluate the determinant: 

00 1 

E i = c(o) = 4 

Thus we get 



n=l 



\B[A h 



F^X"]) = ^v/det(l + F)exp(-^ -< 
2 



|0). 



(D.38) 



n>0 



This is identical to ( D.32| ) obtained by requiring the boundary conditions. The overall 
normalization is determined so that the boundary state reduces Dp) when F = 0, or van- 



ishing gauge field. Therefore we can say the formula (D.33) reproduces the boundary state 
(D.32) which determined by the boundary conditions in case of constant field strength. 
We note that the boundary state ( D.32j ), or equivalently (D.32), of Dp-brane with constant 
magnetic field F a b is transformed by a T-dual transformation along X a or X b to that of a 
D(p— 1) brane rotated in (a, b) plane Therefore the presence of constant field strength 
does not break the BRST invariance of the boundary state \Dp) of Dp-brane. 
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The boundary state with non-constant field strength was studied in [|], [5], |36|, 25]. It is 



difficult to perform the functional integral in ( D.33| ) in general. However, we can calculate 



the formula ( D.33|) in terms of oscillators in a' expansion for the general configuration 



of open string fields. In [Q, |5| the following properties were shown in such a way. The 



boundary state (D.36) satisfies the nonlinear boundary condition 

r d T X a (a) - F ab (X)X b (a)) \Dp[A]} = 0. 



where F ab (X(a)) = d a A b (X (a)) - d b A a (X (a)) . Formally \Dp[A\) is BRST invariant for an 
arbitrary configuration of the gauge field A a on the D-brane. However, it contains diver- 
gences which cannot be regularized by the zeta function regularization. Such singularities 
vanish when the gauge field satisfies the equation of motions. Therefore the boundary 
state |Z)p[j4]) is well-defined when the gauge field A a in on-shell. The couplings to massless 
closed string, namely 

(h^\Dp[A]), {b, tu \Dp[A]), (<j>\Dp[A]), 

gives a part of DBI action linear in hfj, u ,b^ v , (p at the leading order in a'. We follow this 
study in order to develop a non-Abelian extension of boundary states in section ||[ 

p6| , p5[ takes an another approach. The boundary state is defined with prescription to 
remove singularities. Thus the constructed boundary state includes no singularity. How- 
ever, the boundary state is BRST invariant only when the equation of motion for the open 
string field is satisfied. This approach is essentially same as that shown above except the 
difference of prescription for divergences. 

Incorporation of scalar fields (f> % on a D-brane was studied in H. The boundary state 



( D.36 ) is modified to 

\Dp[A,4>\) = exp U Ida ^A a (X(a))d a X a (a) + <MX(<7))d r !>)) } \Dp) 

, , >, ( D - 39 ) 

= exp | i Ida (A a (X(a))d a X a (a) + Z^X (a))!? (a)) 1 \Dp). 

Here we have defined 

H* = 2-ko16\ IT = -^—drXUa). 

This boundary state satisfies the following boundary conditions identical to those imposed 
by the boundary action: 

(d T X a + drXida-^X) - F ab (X)d a X b )\ r=0 \Dp[A}) = 

(X*-~\X))\ T=0 \Dp[A})=0. ' ' 

We note that in case of a constant scalar field Z t (X(a)) = £ l , the zero mode part of the 
boundary state becomes 

e i/<^nV)j(£i)|o) = e^lx* = 0) = \x* = C). (D.41) 
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This indicates that the scalar field = 2na'£ shifts the position of the Dp-brane. There- 
fore we can say that a scalar field on a D-brane represents deformation of shape in the 
transverse directions. Inclusion of the scalar field can be understood through the T-duality 
0. 



We summarize this subsection, in particular what ( p.37| ) and ( D.39| ) indicate. We 



define a boundary state |jDp[A, (f)]} of a Dp-brane with gauge and scalar fields A a ,(j} 1 so 
that 

{*(k)\Dp[A, 4>]) = (V^A0e iSboundMy[A %i S k (D.42) 
where the boundary action ^boundary is 

boundary = J dr (A a (X)d T X a <(r) + & {X)d a X % (r)) . (D.43) 

It is supported from the considerations above that \Dp[A,(j)]) is given by 

\B[S]) = jvX^{a)e iS ^^\X^{a)) 

where the boundary action S is 

S[X»(a)] = J da (A a (X)d a X a (a) + MX^TX'iafj . (D.45) 



(D.44) 



The open and closed string descriptions relate through the modular transformation ( |D.2| ), 
namely a <-> r. 

D.3 Boundary state of multiple D-branes with non-Abelian field 

In this subsection, we consider how to extend the boundary state of a single D-brane to 
that of multiple D-branes. In case of multiple D-branes, open strings stretched between 
different D-branes cause difficulty. A worldsheet which represents closed string emission 
via such open string have many separated boundaries on different D-branes in general. 
These worldsheet does not allow a simple relation between open and closed string channels. 
Therefore it becomes difficult to reveal how effects of open strings are encoded into a 
boundary state. However, the result in the previous subsection that the Wilson loop 
factor incorporates the contribution of open strings into a boundary state suggest a naive 
extension by using the non-Abelian Wilson loop factor. In this subsection we consider 
what this way of extension implicates. In section ||, we will show that a formula for the 
boundary state of multiple D-branes obtained in this way gives the couplings to massless 
closed strings reviewed in section ||. 

In N D-brane system, an open string fields has a Chan-Paton factor representing 
D-branes on which the open string end. In other words, open string fields are N x N 
matrices. Therefore open string fields on multiple D-branes are non-Abelian. In the low 
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energy limit, (p+ l)-dimensional U(N) supersymmetric Yang-Mills theory is realized on N 
Dp-branes. Recall that a scalar field on a D-brane means displacement of position in the 
transverse directions. An open string vertex operator also has a Chang-Patron factor, hence 
is matrix- valued. A diagonal component means an open string with both endpoints on the 
same D-brane. A off-diagonal component represents an open string stretched between two 
different D-branes. The presence of off-diagonal components, or open strings stretched 
between different D-branes, causes several difficulties. One of the difficulties is concerning 
noncommutivity and fuzziness. In the case of multiple D-branes, matrix- valued scalar fields 
X 1 are noncommutative in presence of the off-diagonal component. This indicates that we 
cannot determine definite positions of each D-brane. In other words, the shape of D-branes 
become fuzzy. Therefore it is difficult to determine boundary conditions that a boundary 
state of multiple D-branes with the general configuration of open string fields satisfies. 



The other difficulty caused by open strings stretched between different D-branes con- 
cerns shape of worldsheets. We consider a worldsheet which indicates a process in which 
an closed string is created via open strings. In absence of open strings stretched between 
different D-branes, closed string emission from multiple D-branes is superposition of that 
from each D-brane as illustrated in figure |l^. Therefore a boundary state |-B)diaonai of N 
D-branes is the sum of each D-brane: 



where \Dp) m is the boundary state of i-th D-brane. Consider N D-branes located at 
x% = Cm( m = 1) ' ' ' > N) without excitation of open strings. In this case, the sum boundary 
states of each D-brane is given by 




Figure 12: Superposition of closed string emitted from each D-brane 



N 




m=l 



N 




m=l 
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By using the operator which moves the position of D-brane to x l = ^ m operating on 



the boundary state \Dp) of a Dp-brane at x l = as shown in ( p.41 ), this boundary state 
can be rewritten as 



N 



N 



|£>diagonai = e iML \Dp) = ^ e^ daU ^ \Dp) = tre^^W^lDp) 



m=l 



m=l 



X l = diag(Ci,--- ,&). 



(BAG) 





Figure 13: Emission of one closed string via 
two open strings 



Figure 14: Emission of one closed string via 
two open strings 



In presence of open strings stretched between different D-branes, the situation becomes 
complex. We consider two coincident D-branes. The scalar field X* in this system is 2 x 2 
matrix. The vertex operator of X* is also 2x2 matrix. For example (X l )i2 corresponds 
to an open string with one endpoint on the first D-brane and the other endpoint on the 
second D-brane. A worldsheet which represents closed string emission via open strings 



stretched between two D-branes is illustrated in figure |13| and |14j. Although in these two 
figures D-branes are illustrated as they are distant each other for simplicity of figures, we 
consider they are coincident. The boundaries of these worldsheets do not draw a circle 
on a single D-brane. Therefore it is not clear whether there is a simple relation between 
open and closed channel as the modular transformation QD.2| ) for a cylindrical worldsheet 
in case of a single D-brane. This indicates that the studies in subsection p.l and |l], |2j. [3[ 
are not applicable strictly in case of multiple D-branes with open string fields. 

A cylinder is replaced by a closed string vertex, and an open string between D-branes is 
replaced by an off-diagonal component of an open string vertex. Therefore the worldsheets 



in figure [L3| and figure 14 correspond to that in figure 15. Furthermore this worldsheet 
corresponds to figure 16 on the disk. In the disk amplitude shown in figure [U], we need to 
take trace on Chan-Paton factors, because the boundary of worldsheet cannot jump the 
D-brane on which they exists except at the open string vertices. In addition, we need to 
determine the ordering of open string fields because they are noncommutative. By requiring 
the invariance under the gauge transformation for the open string fields, we can see it is 
natural to adopt the path ordering prescription. From these considerations, we define the 
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boundary state of multiple D-branes |-B[A, X l ])by a closed string state which satisfies 

(tflfl^.X*]) = (l^trPe i5 — y[A a (^W),x»(x(r))]^ d . sk p_ 47 j 

for an arbitrary closed string state where P is the path ordering with respect to r, 
and tr is trace on Chan-Paton factors. The ^boundary is given by 

^boundary [A ffl ( A(r)) , X (X (r))] = jdr [\ a {X)d T X a (r) + X; (X(r))n* (r)) . (D.48) 



which are non-Abelian extension of ( p.43 ). Note that ^boundary * s matrix- valued, and 
becomes a boundary action after we take trace with a prescription for ordering. This 
amplitude was calculated in || for multiple DO-branes. The results coincide with that 
obtained from Matrix theory potential |?], |8|, P and non-Abelian DBI action JO]] as shown 
in section [2|. 





Figure 15: Worldsheet with one closed and 
two open string vertices on D-brane 



A a ) mn , (X J ), 



Figure 16: Disk with one closed and two 
open string vertices 



Recall that in case of a single D-brane, the effect of open string fields on the boundary 



state is accounted for by including the Wilson loop factor in subsection CK2. This implies 
the boundary state of multiple D-branes with open string fields is obtained simply simply 
by the non-Abelian extension of the Wilson loop factor as discussed in j3|. The form of 
the boundary state |-B)diagonai i n ( D-46 ) also suggests that the same form is valid even in 
presence of off-diagonal components of matrix- valued open string fields with a prescription 
for ordering. In order to impose the gauge invariance on the boundary state, we choose the 
path ordering prescription. Considering them all, we suppose the non-Abelian boundary 
state which satisfies the condition ( D.47| ) is given by 



|5[A a ,X*]) =trPexp{^[A a (A > (a)),X i (X(a))]} \Dp) 



(D.49) 
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where the path ordering P with respect to a is required by invariance under gauge trans- 
formation of open string fields. S is given by 

S[A a (A>)),X*(X(a))] = J da [A a (X)d a X a (a) +X i (X(a))U i (a)) . (D.50) 



In section m, we show that the boundary state ( D.49 ) satisfied the condition ( D.47 ) at least 



for couplings to massless closed strings ^ = h^, b^ u , 4> up to order a' . 
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